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Abstract. In [9], we considered a class of infinitely degenerate quasilinear equations of the form 

div A{x,w) Vto + 7 (x, w)) ■ Vui + f {x,w) = 

and derived a priori bounds for high order derivatives D'^w of their solutions in terms of w and 
V«). We now show that it is possible to obtain bounds just in terms of ui for a further subclass of 
such equations, and we apply the resulting estimates to prove that continuous weak solutions are 
necessarily smooth. We also obtain existence, uniqueness and interior C°°-regularity of solutions 
for the corresponding Dirichlet problem with continuous boundary data. 



1. Introduction 

It is well-known (see [H]) that if A is elliptic, and A and b are smooth functions of their arguments, 
then quasilinear operators in divergence form 

Qw = div A (x, w, Vw) + b (x, w, \7w) 

are hypoelliptic: any weak solution w of Qw = is smooth. When Q is subelliptic - i.e., when 
ellipticity fails only to finite order - then hypoellipticity still holds if Q is linear (see e.g. [13^). 
When Q is linear but fails to be subelliptic, the situation is more delicate. For example, Fedii 
showed in jB] that the two-dimensional operator 

(1) dl + k{x)dl 

is hypoelliptic if k is smooth and positive for all x ^ 0. In this case k is allowed to vanish 
at any rate at a; = 0. However, by [7], + k{x)dy + d'^ is hypoeUiptic in if and only if 
lim2;_>.o X log k (x) = 0. A quasilinear version of operators of the form ([T]) arises when one considers 
two-dimensional Monge- Ampere equations 

(2) u,,utt-ult^k{s,t), (s,<)ef2cM^ 

together with the classical partial Legendre transformation (x, y) = T (s, t) given by 



(3) 



X = s 

y ^ Ut ' 

Indeed, assuming that T is invertible, ^ and ([s]) lead to the two-dimensional quasilinear equation 

(4) dlw + dy{k{x,w{x,y))dyw} = Q, ix,y) e n ^ T{h), 

satisfied in the weak sense by w {x, y) = t. In 10 and [11 , two of the authors extended Fedii's two- 
dimensional regularity result for linear equations to certain solutions w of Q obtained through the 
transformation ([s]) from a solution of the Monge- Ampere equation ([2| . The coefficient k considered 
there is assumed to satisfy 

(5) \kt{s,t)\<Ck{s,t)^ , {s,t)en. 
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Thus k is required to become more independent of its second variable as k degenerates. Notice that 
the coefficient k in ([T]) is independent of the second variable, and then ([5| is automatically true. The 
main result in [TT] establishes that degenerate two-dimensional Monge- Ampere equations ^ with 
smooth right-hand side k satisfying ^ are hypoelliptic. This was the first known hypoellipticity 
result for infinitely degenerate Monge- Ampere equations. More general equations than Q are also 
treated in the papers above, including the equation for prescribed Gaussian curvature. 



2. Description of the results 

In the present work, we improve the two-dimensional results above by lowering the exponent | 
in ([5]) to the optimal exponent 1; this optimallity is shown in Section 3 below. We also extend the 
theory of regularity for degenerate quasilinear equations of the type treated in [10] and [H] to any 
dimension n > 2 and to more general quasilinear problems. In this process we have to deal with 
several fundamental difficulties associated with higher dimensions and the more general structure 
of the equations. We consider quasilinear equations of the divergence form 



(6) 



Qw = div A (x, w) Vw + 7 (x, w) ■ Vw + f {x,w) =0 



in r2, 



where il is an open bounded connected subset of M" and the matrix vector function 7 and 
scalar function / are smooth functions of their arguments. Here we adopt the vector notation 
u — . . . Vu; denotes the gradient Vw — {diw , 8210 , . . . , dnw)' where di — ^ is 

the i*'' partial derivative; and the divergence operator applied to a vector function u is given by 
div u = diu^ + d2U^ -|- • • • -f dnu". In our applications, (|6| will sometimes be satisfied in the strong 
sense, i.e. in the pointwise sense for functions w, and other times in the weak sense; see Section 
7.1.2 in the Appendix for a precise definition. Note that in the case n = 2, equation Q is included 
among equations of the form Qw {xi,X2) = by choosing 7= 0, / = and A{xi,X2, z) to be 
the diagonal matrix diag (1, A: (xi, X2, z)) with k independent of X2- However, equation ^ does 
not include systems obtained from the Monge- Ampere equation by the partial Legendre transform 
introduced in [8 for higher dimensions, and the treatment of such systems when ellipticity fails to 
infinite order remains a challenging open problem in dimensions bigger than two. 

under structural restrictions on A and 7 which are similar to ([5]) (although weaker, 



In Section [5 

see Conditions 2.3 and 2.10), we first obtain local a priori bounds for the Lipschitz norm of smooth 
solutions in terms of their norm and the parameters inherent to the equation. This result 



together with the main theorem in [9] (see Theorem 2.9 below) provides a priori control of all 
derivatives of a smooth solution in terms of the supremum norm of the solution. 

In Section [6j we apply the a priori estimates together with an approximation scheme to prove 
that continuous weak solutions are smooth, and to establish existence, uniqueness, and regularity 
of solutions of the Dirichlet problem. To do so, we use a class of custom-built barrier functions, a 



maximum principle and a comparison principle adapted to our class of equations (see Sections 7.4 



7.2 and 7.3 in the Appendix). 



The method used to construct the barriers in Lemma [7.6| takes into account only the modulus of 
continuity of solutions on the boundary. This generalizes most known barrier constructions, which 
usually require higher regularity of solutions on the boundary. 



As already mentioned, one of our main results. Theorem 2.18 below, states that under certain 
hypotheses on the coefficients A , every continuous weak solution w of ([6]) is infinitely differentiable, 
and all of its derivatives are locally controlled by llwH^oc ■ The conditions imposed on the coefficients 
allow them to vanish to infinite order, so the quasilinear operator Q in ([6| is not in general uniformly 
elliptic or even subelliptic. This is the first known hypoellipticity result for infinitely degenerate 
quasilinear equations in n dimensions. 



We now state special cases of the main Theorems 2.17 and 2.18 We include these simpler versions 
to illustrate the principal features of our results without the technical assumptions of the general 
case. A domain will always mean an open connected set. 
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Theorem 2.1 (Dirichlet problem). Let D, be a strongly convex domain in ]R" containing the origin. 
Let fc* {x, z), z = 2, . . . , n, be smooth nonnegative functions in fl xM. such that 

fc* (x, z) > if Xj 7^ for some j ^ i 

(this means that fc* {x, z) may vanish only for those (x, z) so that x lies on the i^^ -coordinate axis), 
and such that for some B > 0, 

d 



dz 



fc' [x, z) 



< B k* (x, z) for all {x, z) e O x 



where k* = mini=2,...,n Then, for any continuous function ip on dfl, there exists a unique 
continuous strong solution w to the Dirichlet problem 



' w{x) + Y:^^,£:kHx,w{x))£-w{x) = 

W = if 



in f2, 
on dn, 



i.e., there exists a unique w that is both a strong solution of the differential equation in and 
continuous in il with boundary values (p. Moreover, this solution w £ C'^ (ft) f^C°° (ft). 

Theorem 2.2 (Regularity of solutions). Let fl C M" be a bounded domain containing the origin, 
and suppose that k^ (x, z), i — 2, . . . ,n, are as in Theorem 2.1. Then any continuous weak solution 
w of 



dx\ 



' (x) + > — — fc* (x, w (x)) — — w (x) = in 



dxi 



is also a strong solution, and satisfies w G C°° (Q). 



2.1. A priori estimates. For x E M" and re M", we denote by TZ{x,r) the box centered at x 
with edges parallel to the coordinate axes and half-cdgelengths given by f, i.e., 



(7) 



7^(^,^) 



\Xi 



When X is the origin we will just write TZ (f) for TZ (0, f) and we also adopt the summation notation 
TZ{x,f) = X + TZ (r). When r and x are fixed or clear from context, we will omit them and simply 
write TZ for TZ {x, r). For any positive constant 7, ^TZ {x, r) will denote the box centered at x with 
half-edgelengths given by jf, i.e., 

(8) jTZ (x, r) ~TZ {x, jr) = x + TZ {-jf) . 

We define the i-wrap % (TZ) of the box TZ as the set of faces of dTZ containing the direction = 

i^ij)j=l,...,n- 

% {TZ) = dTZ\{y:\y,-x,\^r'}. 
The following figure illustrates i-wraps in M'^ : 



3:3 






7i (7^) =l-wrap T2 (TZ) =2- wrap % (TZ) =3- wrap 

We will use the notation F = O x M unless specified to the contrary. 



Condition 2.3 (Nondegeneracy condition). We say that k — (/c^, . . . , A:") satisfies Condition 2.3 
inV if k has continuous second order derivatives inT, k > in T, and k satisfies the following: 
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(i) For every subdomain fl' with fl' C 17, there exists c > such that if V = CI' x K, then 

inf max kUx, z) > c > 0. 

(x,z)er' l<i<n 

(ii) For all X D, and < e < dist (x, dfl), there exists r = r ^x, e, fc^ = (r^, . . . , r"), 
< r^, . . . , r" < and a box TZ — TZ {x, r) so that x £ |7?. and 

fc' (y, z) > whenever y £% {TV) , z G M, i = 1, . . . , rt. 
The restriction on the size of e ensures that TZ C Q. 



Note that if = 1, then property ^ in Condition |2.3| is trivially satisfied. If each is 
nonnegative and has only isolated zeros, then property ^ in Condition 2.3 holds. 



Remark 2.4. Property in Condition 2.3 holds for k in T = Q x R if and only if for every 
X £ n and e > 0, there exists a box TZ in with x £ -^TZ and < r^, . . . , r" < e such that for all 
y e dTZ and z £M., the set of vectors 

S {y,z) = {/c^ (2/,z)ei,fc2 {y,z)e2, . . . , fc" (y,z)e„} , = (<5»j)j-^i_ „ , 

spans the tangent space to dTZ at y. 

A structural condition that we impose on the matrix in (|6]) is that it is equivalent to a diagonal 
matrix in the following sense: 



Condition 2.5 (Diagonal condition). For k as in Condition 2.3. we assume that for some A > 1, 
the matrix A satisfies 

n n 

(9) ^) ^ f*-^ (x, z) c < A ^ k^ {x, z) 

i=l i—1 

for all ^ e M" and (x, z) € T = x M. 



Remark 2.6. Because of Condition 2.5 or Remark \2.4\ we can state property in the non- 
degeneracy Condition \2.3\ in terms of the matrix A as follows: For every x G fl and £ with 
< e < 71^ 2 dist (x, 9f2), there exist r = (r^,...,r") with < r^,...,r" < e and a box 
TZ = TZ{x,r) such that x € ^TZ and for every y G dTZ and nonzero v{y) tangent to dTZ at 

y, 

(10) v{y) ■ A{y,z)v{y) > for all z eM.. 

Recall that a domain VL is an open connected set. fJ' will always denote a domain with compact 
closure in fi; this will be abbreviated il' d il. 

Definition 2.7 (Subunit type). We say that a vector field G = X]r=i 7' bounded 
coefficients 7' is of subunit type with respect to A inV = QxM. if for every f2' <e and Mq > 1, 
there is a constant Bj = B^ (0',Mo) > such that 

f (x, z) < Bl i'A (x, z) i for all (x, z) G T^,^, =^ x [-Mq, Afo] , f G M". 

We will impose further conditions on A. To motivate them, we recall the classical inequality of 
Wirtinger type on a domain <i> C : if k is nonnegative with bounded second derivatives on 

then 

(11) |V,,,fc (x, z)| < G^^l,k\l^^^^ + (dist ((x, z) , 9$))-^ I Vfc (x,z) 
for all (x, z) G $ (sec e.g. the appendix in [l0]l 



Inequality (111 is crucial in our calculations, and although it has an analogue for nonnegative 



diagonal matrices, it does not extend to general matrix functions. 
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Definition 2.8 (Subordinate matrix). We say that A is subordinate m F = x M if for every 
ri' (E 57 and Mq > 1, there exists Bj^ = Bj^ (fi', Mg) > such that 

n 

(12) \^^^ ^) ^1' + 1^--^ ^) ^1' ^ ^) ^ 

/or ^ e M", (x, z) G T^,^^, w/iere T'^,^^ = 17' x [-Mq, Mo]. 

We always consider locally bounded solutions w, i.e. ||w||^oc(q/) < oo for all subdomains Vt' (g 17. 
Thus, we deal only with a solution w whose graph on Q,' is contained in a hounded connected set 

(13) r'^f^ ^Q! X [-Mo, A/o] (E r = f7 X M 

for some Afo = {w, 17') < oo. For convenience we also assume Mq > 1. 

To obtain our main results, we will use the following a priori estimates obtained in [9] for the 
class of equations (|6] ) . 

Theorem 2.9 (Theorem 1.8 in JW). Let il be a bounded domain in M" and T = 17 x M. Let 

k {x, z) C"^ (T) and A(x, z) , f {x, z) and j {x , z) C°° (T) . Suppose that 



(i) Asatisfies fM), where k(x,z) satisfies the nondegeneracy Condition 2.3 in T , 



(ii) Ais subordinate in T (Definition 2.8), 



(iii) 7 is of subunit type with respect to A in T (Definition 2.7) 



Then for every smooth solution w of ^ in 17, integer N > and subdomains 17" d 17' d 17, 



there exists a constant C||u,||j^^ ||vto 



'^ll«'llt^(sy).l|Vu;|Loo(n/),A' ^' ^' Mllc"+2(f ) ' ll/llc«+i(f) ' Il7llc«+i(f) ' ^' 

such that 

|q|<JV 



i?ere T = 17' x 



— 2 ||i(;||^oo(s;2/') , 2 lluill^ooj-j^,-) , and B denotes B^, Bj\^ 



Our main application of these a priori estimates is the hypoellipticity result stated in Theorem 
2.18 for (infinitely degenerate) quasilinear equations of the form ([6]). In it, as in the special two- 



dimensional case contained in |10| . we will assume extra conditions on the coefficients, namely, that 
the nonlinear and the infinitely degenerate characters do not occur simultaneously in the sense 
described below. We denote 

(15) fc* (x, z) = min {fc'(a;, z)}. 

2— l,...,n 

Condition 2.10 (Super Subordination condition). We say that A satisfies the super subordination 
condition m F = 12 x K if for every 17' (s 12 and Mq > 1, there exist constants -B^ = -B^ (17', Mq) 
and B'^ = B'^ (17', Mo) such that if (x, z) G F'j^^^ and ^ G M", then 

(16) \d,A{x,z)^\^ < B\k*{x,z) eA{x,z)^, 

n 

(17) Y.\^AA{x,z)^\' + \dlA{x,z)^\^ < {B'^f eA{x,z)^. 



If A is diagonal, then condition follows from (16) by Wirtinger's inequality: see Remark 
We say 7 (x, z) satisfies the super subordination condition if for all (x, z) G F^^^^ and ^ G M", 

(18) |a,7 {x, z) ■ < ^2 k* (x, z) eA (x, z) C, 

for some B^ = B^ (1^', Mq). 
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The extra vanishing condition (16) on d^A is a stronger form of the part of (12 1 involving 
dzA. In the two-dimensional diagonal case A = diag {l,k), inequality ( 12 1 always holds for any 
nonnegative k{x,z), and it takes the form (11), while the more restrictive (16) with k* — k takes 
the form 

(19) \dzk{x,z)\ < B k{x,z) 

(compare ([5])), which does not hold in general for nonnegative k (x, z). On the other hand, if / {x) 
is any smooth nonnegative function in M" and h {x, z) is a nonnegative Lipschitz function in K""'""'^, 
then 

k (x, z) — f (x) [1 + h {x, z)] 

satisfies (19 1. Indeed, we have the following lemma; see Section 6.4 in the appendix of [TU] for 
details. 

Lemma 2.11 ([10]). Let k{x, z) be a smooth nonnegative function in a hounded region T C M" x M, 
and assume that for some 7, B > 1, 

(20) \d,k{x,z)\<Bk{x,z)'^. 

Then, for every {xq,Zq) £ T, there exists a smooth function f{x) > and a Lipschitz function 
h{x,z), with Lipschitz constant depending only on B, \\k\\^^^j,-^ and T, such that 

(21) k{x,z) = f{x)(l^ f(x)-'-^h{x,z)) 

for all (x, z) in a neighborhood of (xq, Zq). Moreover, h (xo, Zq) = 0. In particular, 

C-'^k {x, z') < k (x, z) < Ck (x, z') , {x, z) , (x, z') e T, 

where C — C(-B, diamT). Conversely, if h{x,z) is smooth and f {x) is a nonnegative smooth 
function such that f {x^ is smooth, then k{x,z) given by (21) is smooth and satisfies (20) for 
some B = B [h, /, diam T) . 

Remark 2.12. As noted earlier, if A is diagonal then the second extra vanishing condition (_??[ ) 
follows from the first one (16) by (11). Indeed, it is enough to prove this for a scalar function 
k{x,z). If ll^fjj holds, then 

k (x, z) :— dzk (x, z) + B k (x, z) > 0, 



so by (11), for all (x, z) G T^,^^, 



Vc,^fc(x,z) 



v:.k 



+ (dist((x,z),9rV,)) ~')^k{x,z) 



where T'J^j,,j^ = Q." x [-2Afo,2Afo] with Q.' (e Q." d Vl. Hence from (19) we obtain 



\didzk\^ + \dlk\^ <B^k (x, z) 



for a suitable constant B. 



Under the extra assumptions in the super subordination Condition 2.10 we will obtain interior 
a priori control of all derivatives (including first order ones) of smooth solutions in terms of the 
supremum norm of the solutions: 

Theorem 2.13 (A priori estimate). Let fl C R" b e a bounded domain. Suppose that T, A{x,z), 
f{x,z), 7(x, z) and fc (x, z) are as in Theorem 2.9 and also that A and 7 satisfy the super sub- 
ordination Condition 2.10 in T. If w is a smooth solution of ^ in D,, then for any nonnegative 
integer N and subdomain fl' d fl, there exists a constant C|[^,j[^^^^^,j — 

^l!'^lltoo(Q')>^ ll-^llc"+3(f) ' ll/llc"+3(f) ' Il7llc«+3(f) ' 
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such that 



Here T = n' x 



\S\<N 



N- 



-2 Ik 



and B denotes By, B^, B^i 



Remark 2.14. A special case of Theorem 2.13 is established in Theorem 2.4 in 10], namely when 
n = 2, k {xi,X2, z) = {l,k {xi, z)) is independent of X2 with 



(22) 



\dzk {xi, z)\ < Ck (xi, z) '■ 



and f — 0, ^ — 0. Also, much more is required there of the solution w, namely w must satisfy (see 
(2.22) m ^lOjj 

1 + {dx^w{xi,X2)) < C dx2W {xi,X2) , 
k{xi,w{xi,X2)) d^2w{xi,X2) < C. 

These restrictions are removed in Theorem \2.13[ in which we also generalize the result to higher 
dimensions and allow lower order terms. 



An important improvement found in Theorem 2.13 relative to Theorem 2.4 in |10] is the reduction 
of the power 3/2 in (22) to the sharp power 1. 5*66 Section 



The next lemma shows that if only the first part of Condition |2. 10| holds, then the bilinear form 
induced by A {x, z) is equivalent to one which is independent of z in any set on which z is bounded. 

Lemma 2.15. Let A — (oij {x, z))^ be a smooth symmetric matrix satisfying ^ in T and 

such that for every 17' d il and Mq > 1, there exists B = B^ (Mq, diam fi, dist dfl)) .such that 

(23) \d,A{x,z)^\^ <B^k*{x,z)eA{x,z)^, (a;,z)er;,,„, CeM". 

Then there exists C = C (^B, Mq^ such that for all {x, z) , (x, z) e ^'m^ o,nd ^ G M", 

^'A {x, z) C < £.*A {x, S)^<C ^*A {x, z) 
Moreover, for all i = 1, ■ ■ ■ ,n and {x, z) , {x, z) € ^'mq ; 

(24) C-ifc* {x, z) < F (x, S)<Ck' {x, z) , 
where C ~ C {C,A). 



Proof. By (23), for all G M", the function h{x,z,i) = ^vl(a;,z) ^ satisfies 



\dzh{x,z,C)Y 



< \^\'\A.{x,z)^\^ 

< \£_\^ B^k* {x,z) ^'A{x,z)£_ 
= B'^k* {x,z)h{x,z,^) , 



for aU {x,z) e ^J^,J^^ = O' x [-Ma, Mq] and ^ e M". Since from ^ we have 

n 11 

k* {x, z) lei' = Y.k* {x, z) < E ^) ^ ^)^ = ^ ^) 
1=1 i=i 

we obtain 

\dzh{x,z,£)\ < Bh{x,z,£,). 
By Gronwall's inequality it follows that for some C = C (b. Mo) , 

c-i eA {x,z)^< eA {x, z)i<c eA {x, z) e, {x,z),{x,z)(, ri,„ , e e : 

Inequality ( 24 ) then follows immediately from ^ . 



□ 
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2.2. Hypoellipticity Main Results. Our main results Theorems |2.17| and |2.18| are obtained 
as applications of the a priori estimates above. Theorem |2.18| establishes smoothness of weak 
solutions, and Theorem |2.17| deals with existence, uniqueness, and regularity of strong solutions 
to the Dirichlet problem. The concept of weak solutions of our infinitely degenerate operators 
is similar to that of classical weak solutions for accretive operators, defined via the associated 
Hilbert space. We denote by H}^^ (fl) the Hilbert space on fl induced by the quadratic form 



X {x, ^) — J2^=i 0) (see Appendix, Section 7.1.1 1. We say that w is a weak solution of ([6|) 
in if w G H^;^ {n) n L°° (O) and 

A {x, w) Vtc • \/(p dx ~ J (fij {x, w) ■ Vw dx — J f {x,w) (p dx = 

for all (fi e LipQ{VL). See Section [T] of the Appendix for a detailed discussion of the degenerate 
Sobolev spaces Hp^ (f2) and the meaning of if w € H'/ {^). 

Some extra conditions are required in order to make our approximation scheme work. 

Definition 2.16 (Strongly convex domain). A convex domain $ C M" with 9$ e is called 
strongly convex ( with convex character Aq ) if there exists Ao > such that 

inf min A* (n) = An > 0, 

pedni<i<n-l 

where A^ (p) , . . . , A"""'^ (p) denote the principal curvatures (see p. 354) of at a point p € 9<I>. 

Theorem |2.18| is obtained from the following existence and uniqueness theorem for the Dirichlet 
problem. 



Theorem 2.17 (Dirichlet problem). Let ft C M" be a bounded open set and let ft fl be a strongly 
convex domain. For F = x M, suppose k £ (F) and A{x,z), f{x,z), 7(0;, z) G C°° (F) are 
such that 



(i) k{x,z) satisfies the nondegeneracy Condition 2.3 in T, 

(ii) A satisfies the diagonal Condition 2.5 in T, 

(iii) / {x, z) sign z < and fz {x, z) < in F, 

(iv) 7 is of subunit type with respect to A in T, 

(v) 7 has compact support in fl in the x variable, locally in the z variable, i.e., for all Mq > 
there exists open f2' d such that 7 {x, z) — if {x, z) € (f2\il') x [—Mq, Mq\, 

(vi) A satisfies the super subordination Condition 2.10 in F, 

(vii) 7 satisfies the super subordination Condition 2.1[\ in F. 

Then given any continuous function on dfl, there exists a strong solution w to the Dirichlet 
problem 



(25) 



div A{x,w)Vw + ^ {x,w) ■ Vw + f {x,w) — in fl 

w — (p on Oil, 



i.e., there exists w which is continuous in Q, equal to ip on dQ, and a strong solution of the 
differential equation in ft. Moreover, w £ C'^ (fl)f^C°° {fl), and for any nonnegative integer N and 
subdomain Q! (£$7, there exists a constant Cn ~ 



Cn [n,B,k,A, ||</?||ioo(gs-2) ' ll-^llc"+2(f ) ' ll/llc«+i(f) ' Il7llc"+i(f ) ' Ao,f7, fi' 



such that X]|(3 



|5|<JV ll^"^llL~(n') - '^N- 



Here F = x 



-211^1 



L=°(dn) 



,211^11 



B denotes 



the various constants in Condition 2.10. and \)— Aq {A,^) is the convex character ofdfl. 
Moreover, 1/7 = 0, then the solution w is unique. 

An important consequence of Theorem 2.17 in the case 7 = is the following interior regularity 
result: 
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Theorem 2.18 (Regularity of solutions). Let ft C M" be a bounded domain and T = Q x 



in), l^viy from Theorem 
w 



Suppose that k & (T), that A {x, z), f (x, z) € C°° (F) and satisfy 

\2.17\ and that A satisfies the super subordination Condition \2.10\ in T. Then any weak solution 
of 

div A{x,w) Vw + f {x,w) = in fl 
which is continuous in D, is also a strong solution and satisfies w € C°° (fl). Moreover, for any 
nonnegative integer N and subdomain d 17' <e fi, there exists a constant 



Cn — C 



N 



'^llL°°(n') ,n,B,k,A, \\A\\(,N+2(f--^ , ||/|lcN+i(-f ) 



such that J2\a\<N ll^"''^llL°°(n") — -^^^^ F = i7' x 
the relevant constants in Condition \2.1(A 



-2||w|lioo(fi,) ,2||u;||^^(^,) 



and B denotes 



Note that in case n — 2, the super subordination Condition 2.10 reduces to ([19]) if .4 = diag (1, k) 

means 



and 7 = 0. Moreover, in this case, whether 7 = or not, the nondegeneracy Condition 2.3 



that given {xi^x^) £ ^ and e > 0, there exist < r^^r"^ < e such that k (xi ±r^,£^2,z) > if 
16-2:21 <r\ 

As an example in case n > 2, we consider a diagonal matrix 

fl ••• \ 
••• 



A (x, z) = 



V 











fc"(2:,z) / 



where k^ are smooth nonnegative functions satisfying the nondegeneracy Condition 2.3 and such 
that 

\kl {x, z)\ < B k* {x, z) , i = l,...,n, (x, z) € F, 

with k* — min (fc^, . . . , fc"). Then A satisfies the hypotheses of Theorem 
if k{x,z) is nonnegative and satisfies \kz\ = O (/c) as fc — >■ 0, then A = diag 



2.18 



In particular, 
k, . . . ,k) is an 



admissible matrix for Theorem 2.18 provided property (|ii| of the nondegeneracy Condition 2.3 
holds. 

Remark 2.19. As a consequence of the previous observations in the case A — diag (l, fc^, . . . , fc"), 
we partially recover Fedii's two-dimensional result |3] that d^_^ + k{xi)d'^^ is hypoelliptic if k is 
smooth and positive for all xi ^ 0. Indeed, since k {xi) is independent of the z variable it automat- 
ically satisfies \kz\ = O (fc) as fc — > 0. We only partially recover Fedii's result because our theorem 
applies only to continuous weak solutions. 

We also obtain a partial extension (namely, for continuous weak solutions) to higher dimensions 
of Fedii's result: 



I = 2, 



, n, be smooth functions in 



Theorem 2.20. Let k^ {xi, . . . , Xn), 
pendent of the i*'' variable, i.e., 

fc* (xi,. . .,x,i) = k^ (x*) , with x^ = (xi, . . . ,Xi_i,Xj+i, . 

and fc' (x) > i/x* 7^ 0. Then any continuous weak solution of 

{dl + k^ {x)dl + --- + k^^ix)dl}w = o 

in M" is smooth everywhere. 



such that fc' 



5 •^n ) : 



ide- 



Remark 2.21. It is shown in f7| that if k{xi) is smooth and positive for all xi 7^ 0, then 
(^xi +^ (2^1) +^X3 hypoelliptic in if and only ifYivax^^o Xi log k (xi) = 0. We are not able to 
recover this result since k (xi) vanishes identically at all points of the form (xi, X2, X3) — (0, X2, X3), 
and so the hypothesis of our theorem is not met. Also, our solutions are required to be continuous. 



On the other hand, from Theorem 2.20: we see that if fc(xi,X3) is smooth and positive for all 
(xi,X3) 7^ (0,0), then every weak solution of {d^^ -\- k (xijX^) d^^ -\- d^^} w — is smooth in the 
interior of the domain of continuity of w inM.^ . 
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The following is a striking consequence of Theorem 2.18 in M^: 
Theorem 2.22. If k (xi, X2, z) is smooth, nonnegative, satisfies 

(26) \d,k\^0{k), 

and fc (•, •, 0) does not vanish identically on any horizontal line segment in 51, then any continuous 
weak solution w of 

(27) d^w 
is smooth in Q. 



d^^k (xi, X2,w {xi,X2)) d^^w = 0, {xi,X2) e il, 



Proof. We will prove that the hypotheses_of Theorem 
1 



A = 



k 



Since fc = 1, property 



2,18 



are satisfied by fc — (1, fc (xi, X2, z)) and 



in the nondegeneracy Condition 



2,3 



is trivially satisfied. 



Since fc (•, •, 0) is nonnegative, continuous and does not vanish identically on any horizontal segment, 



given e > and {xi,X2) G O, there exist Xi < Xi < x'l with \xi — Xi\ = \xi 



< e, such 



that fc(xi,a;2,0) > and k {x'i,X2,0) > 0, From (26l and Lemma 2,11 it follows that k{xi,X2,z) 
is either identically zero as a function of z or strictly positive in z, and hence fc (xi, X2, z) > Q and 
fc [x'l, X2, z') > 0, Then property ([u]) in the nondegeneracy Condition 2,3 follows from the conti nuity 



of fc with respect to the second variable and therefore fc satisfies hypothesis m in Theorem 



2,18 



Since (26) holds, A satisfies ( |16[ ). Since A is diagonal, (171 then follows from Remark 2,12 Thus 
A is super subordinate, so hypotheses ^ and ([iv| in Theorem 2,18 are satisfied. Since / = 0, 
hypothesis (pli| of Theorem 2.18 is trivially satisfied. □ 



From Theorem 2.22 and the techniques used in [lOj . we can derive an extension of Theorem 2.1 
in |10| . which is a regularity result for convex solutions to Monge- Ampere equations. Consider a 
smooth, bounded, strongly convex domain $ C M^. Given a convex function u E ($), following 
[TU] we set 



(s) — u!^ {s,^,u) — inf Ut{s,t) 

t:(s,t)e$ 



and uj^ (s) = lu^ (s, $, u) 



sup ut (s, t) 

t:(s,t)6* 



for any s lying in the projection of $ onto the s -axis. Let 

Is ^ {io : aj_ (s) < cj < a;_|_ (s)} if a;_ (s) < w+ (s) and = otherwise, and 
$n = {(s,<) e $ : ut(s,t) e Ij. 

Note that 

• u (s, <) is affine in the t variable if and only if =0. 

• If u e ($) is not affine in the t variable for any fixed s, then is an open connected 
set. Indeed, to see that is open, let (s,i) G Then uj-{s) < Ut{s,t) < w+(s), 
and since u g C^{^), the functions uj-,uj^ and ut are continuous. Hence, for (s',t') near 
(s,t), w_(s') < Ut{s',t') < uj^{s'). Therefore is open. To see that is connected 
it suffices to show it is pathwise connected. This follows from the fact that the midpoint 
(w_(s) + uj+{s))/2 of Is is a continuous function of s. Note the arguments above only use 
the continuity of Ut- See |10| for further discussion about when is connected. 

• Even if u is not affine in the t variable for any fixed s, the set 

n« = {(s, t) e : Ut (s, t) = uj^ (s) or Ut (s, t) = uj+ (s)} 

may be non-empty. This exceptional set n„ is composed by what are called "Pogorelov 
segments" in ITU]. 

Theorem 2.23. Suppose k{s,t)is smooth, nonnegative, satisfies \dtk\ — 0(fc), and fc( 
not vanish identically on any horizontal line segment in $, where $ is as above. If u 
convex solution of the Monge- Ampere boundary value problem 



, 0) does 
($) is a 



det 



Uts 



Ust 
Utt 



k{s,t) , 
<j>{s,t) , 



{s,t) e 

(s,0g9$. 
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where (f> is smooth on 9$, then u is smooth in $„. 



To obtain our main results, we follow the approach in |10j for two-dimensional equations, al- 
though our objectives are more general. We consider equations in any dimension at least two, our 
equations may include a first order drift term and a zero order term, and our notion of solution is 
more general since we only require continuity instead of Lipschitz continuity. To prove our main 
hypoellipticity result. Theorem |2.18[ we use an approximation argument based on the a priori esti- 
mates in Theorem 12.91 and on the construction in Lemma [T!6l of new custom-built barriers. One of 



the core ingredients needed to derive Theorem 2.9 is the interpolation inequality given in Lemma 
4.7 proved in [9]. 



3. Sharpness 



Our results are sharp in the sense that the power 1 in the super subordination Condition |2.10| 
cannot be decreased. Indeed, we will now show that for any e > 0, there exists a nonncgative 



smooth function k = k {x, y, z) in 



which is not identically zero on any horizontal segment 



in (moreover A; > unless x = z = 0) and satisfies 

\d^k{x,y,z)\<C [k{x,y,z)]^^^ inilxR, 
and that there is a continuous weak solution w of 
(28) d'^w + dyk {x,y,w {x,y)) dyW = 

in any neighborhood of the origin, but w is not smooth in $7. This example is derived by applying 
the partial Legendre transform to non-smooth solutions of the Monge- Ampere equation which are 
suitable powers of the distance function to the origin. 
Given e > 0, let m be a positive integer such that 

1 

4m - 2 

Consider the function w = w (x,y) defined implicitly by the equation 
(30) F{x,y,w)^0 where F(x,y,z) = z |zp)"~5 -i-y. 



(29) 



< e. 




Since F(0,0,0) = and F^{x,y,z) = {\x\^ + |z|2)™-f (a;^ + 2mz'^), it follows from the implicit 
function theorem that w — w{x,y) is well-defined by (30) and smooth in M? \ {(0,0)}. Also, w 
extends continuously to {x,y) — (0,0) with w(0, 0) = 0, and thus for any neighborhood Vl of the 
origin, u; e CO (H) nC°° {VL\ {(0, 0)}). Moreover, w{x, y) = if and only if y = 0. 

Now let 



f {x,y) = x + \w{x,y)\'^ 



ix,y) e n. 
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Then f{0,y) = 0, /(x,0) = a;|a;|2™-i and f{x,y) = ~:[,jf^ iiw{x,y) ^ 0. By direct computation, 
if (a:, y)^ (0,0), 



(31) 



fxix,y) = -2to (.x^ + w^)^™ ^Wy{x,y) 
fy {x, y) ^ {x, y) . 

Thus, if k (x, y,z) — k (x, z) is the smooth function in x M defined by 

fc [x, z) — 2m [X + z J , 
then by using the formulas = {2m — l)xz{\x\'^ + |zp)™"3 and Fy — 1, we have 



(2m — 1) xw 



x^ + 2mw^ 
2m (x^ + w^] 



< 



(2m - 1) + 



x^ + 2mw-^ 



2m-l 



(x^ + w^)^™ (x^ + 2m?i;2)^ 
(x^ + w^)' 



2m 



(x^ + 2mw'^y 



< 2m. 



In particular, this implies that 



n 



+ k \wy\^) dxdy < 3m^ . 



that is, w e iJ^' (rj)ni°°(f^), where (x, w, ^i, ^2) = + k^i- From (|3l| it follows that 
w (x, y) is a continuous weak solution of the quasilinear equation (28). Moreover, as a function of 
(x, y), k (x, y, z) does not vanish on any horizontal line segment, and it satisfies 

Cjnk (x, z) < Cjnk 



\d,k{x,z)\ ^ 4m(2m-l)|z|(x2 + z2)"" ' 



(32) 



< C„(|xp + |z|2)^ 



l-e 



where we used the inequality \z\ < y/x^~+~z^ and the bound (29) for m. 

On the other hand, from (30), noting that y and w{x, y) have the same sign, we have 

1 

w(0,y) = (signy) jyl^™ . 
Hence w {x,y) ^ C^^^{n) for any 6 > 0. In particular, w is not smooth in f2. 



4. Preliminaries 

4.1. Notation. Throughout the paper, C will denote a constant that may change from line to line 
but that is independent of any significant quantities. In general, C may depend on the dimension 
n, fc, and the fixed cutoff functions defined below. We will use calligraphic C to denote a function 
of one or more variables, increasing in each variable separately, that may also change from line to 
line, but that is independent of any significant parameters except its variables. 

We denote by ||/||/^ 00(^2) the essential supremum of |/| in Q and by ||/||ip(o) the L^-norm of /in 

n-. 

\\f\\L.in)=(^Jjffdxy, l<p<oo. 

When = M" we omit mentioning the set. The collection of real- valued functions in ft with 
m continuous (but not necessarily bounded) derivatives in ft will be denoted C™ (ft), and for / G 
(n) we let 

m 

(33) ll/llc™(o)=EE ll^"^/IL==(n)' 

i=0 \S\=i 



where = (9i)"^ • • • (9„)"" for a — {ai, . . . , a„). 
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Let C r be the domains in . 



: M given in ( 13 1 and let (x, z) e C (F) be nonnegative, i 
1, . . . , 71. From now on, let z) — [k^{x, z), . . . , /c"(x, z)) satisfy the nondcgeneracy Condition 
with 



2.3 



(34) 



{x, z) = 1 for all (x, z) S F, 



which clearly implies property (|i|) in Condition 2.3 Since our theorems are local, this assumption 
causes no loss of generality. 



4.2. Boxes around points. Giv en x € il, we will consider rectangular neighborhoods 7?. of x of 

with X G |7?.. The maximum sidelength R oi TZ will be chosen 



the form described in Section 



2.1 



so that 27?, C and possibly even smaller to allow the absorption of various terms involving R as 
a factor. We will always assume that TZ satisfies property ^ of the nondcgeneracy Condition 2.3 



Since k is continuous, given such TZ and Mq > 0, there exist positive numbers = 5^ \ k,TZ,Mo 



such that (S' < , where denotes the i*-^ half-sidelength of 7?., i = 1, 



and 



(35) 



k'^{y,z) > whenever 2 e [—Afo, Mo] and 

y e %{n,S') = {YeW:dmt{Y,%{n))<S'} 



Remark 4.1. Under the hypotheses of Theorem 2.18 or more precisely, if A satisfies [16] and 
the parameters 5* above can be taken independent of Mq. Indeed, ( 16) and Lemma 2.15 imply 
that for fixed x,^ € M", the function ^^A{x, z) ^ is either identically zero in z or strictly positive 
in z. Therefore, ^ implies a similar property for each k^ (x, z). 

4.3. A class of adapted cutoff functions. A cutoff function is any nonnegative smooth function 
with compact support, i.e., (pis a cutoff function if (/? € (M") and (f > 0. 

We now define a special class of cutoff functions around x which are adapted to our operator as 
in [11] (see also [3]). The main property of these functions is that they are supported in a (small 
enough) neighborhood of x, while their derivatives are supported away from x, essentially where k 
has positive components. 

Definition 4.2 (Supporting relation). Given two cutoff functions C, ^ € (f2), we say that ^ 
supports ^ and denote it > Q or C, ^ £, if 5, = 1 on a neighborhood o/ support (C). Note in 
particular that if ^ ( then = C '"^'^ I1CI1l°° C ^ C- 

Definition 4.3 (Special cutoff functions). Let x en, Mo >l,n = x+(\-r'^,r^] x ... x [-r", r"] ) 
be a rectangular box with x € i^TZ, and — S'^{k,TZ, Mq) > be as in (35). Let 

77„0„C»,e^ eCo°° + (-2r\2r')) , l<i<n, 
be functions of one variable which satisfy the following: 
(i) < ?7,, 0„ e, < 1 



(ii) rji, and are equal to 1 in Xi 
outside Xi + [— (r* + (5*) , + 5*] 



■f [— (r* — (5*) , — (5*] and vanish 
and for all integers m > 1 and some universal constants 



(36) 



1 



< 



dt' 



dp 



< 



(iii) Vi ^(j^i^Ci and rj^ < (p^ < d 

(iv) Let J' be the smallest set of the form J* ~ Xi + ([— 6', —a*] IJ [a% 6*]) C M ,with < a' < 6% 
such that 

support (?7^) y support (0-) |J support ((■) C J\ 

Note by that J' C x, + { [-r' - 5\ -r' + 5'] IJ [r^ - S\,r' + 5']). Let 6, = 1 on J\ so 
that 0i = 1 on the supports ofri[, (f)[ and C^', i.e., 7][ -< Oi, ^ 0i, and C^' ^ 9i. 
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(v) support (6*,) C X, + {[~r^ ~ 2S\ -r' + 2(5*] IJ [r* - 25\r' + 25']); in particular, x, ^ 
support (^i). Moreover, we assume that for all integers m > 1 and for some universal 
constants Cm > 0, 



(37) 



1 



< 



< 



(vi) Irj'^l, 10^1 and \(^l\ are smooth functions (see the discussion following the figure below). 



Finally, let 

V i^) nr=i v^ (x^) , (a;) = nr=i i^i) , 

C (x) = ULi , ft (x) = {xi) Hj^, {xj) , 

and let X G (27^) satisfy 

i = X = 1 in 7^ 
C ^ e^X, C<e<X, and 
ft ^ i = 

The figure below will serve as a reminder of the order between some of the cutoff functions: 




Property ([vi| above is easily satisfied by assuming (in addition to properties ^ to (|iv|) that 
(pi and Q are smooth, non-decreasing in (— oo,ii) and non-increasing in (ii,c»). Indeed, under 
such conditions and since these functions are constant on a neighborhood of Xi, their derivatives 
are of the form 77^ = (77O+ - (t^O", = (00+ - (0D" and C' = (CD"" " (CD" where all these 
functions are compactly supported, (77-)''', {(t>'i)^ and (Ci)+ are smooth, supported in (— oo,ii) and 
nonnegative, while {ri[) , and (('j') are smooth, supported in (5^,00) and nonnegative. It 

follows that = (?7D+ + W)". \<t^[\ = {<P[)'^ + {(t>[)~ and = (CD"^ + (CD" are smooth functions. 
It will be convenient to set 



(38) 



l + l|Vr,||l. 

+ l|v^||L 



IIV0I 

|v 

|V3 



IVCII 



IVftllio 



in order to collect constants in front of the lower order terms in what follows. 



Remark 4.4. Note that A depends only on k, TZ and Mq- Let 6* 



where 5' = (5* ( k, TZ, Mo ) are as in (35). Then from (38) 



'36) and 



'31), 



k, TZ, Mq ) — mini=i^ 



The main property of the cutoff functions 77, and above is that their i*'* partial derivative, 
i = l,...,n, is supported in the set ICi = Hf^^i |z|<j\/o ■ k^(x,z) > O}. Indeed, let cr (x) = 
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n"=i i^t) with rji < a£ < C,i, and fix z € [—Mq, Mq]. It follows from Definition 4.3 (ivj) and 
that a'g :< 9i, i.e., supp (ct^) C {9e = 1}. Hence, 

supp (aO C supp (9,) C + ([-r' - 2S\ -r'' + 2^'] |J [r' - 25\r' + 25'] 

Hence, since supp(cr^) C + \—r' — 5^,r^ + 5^], we have supp (9^0-) C supp (ft). Now set 
[-r^ -5\r^ + 5^] and 7^, = 7^+ IJ 7^,^ , where 



(39) 



-(r' + 2<50,-(r^-2<50] x (n,>J^)} 



From (35) it follows that 



supp [dia) C supp (Qi) C TZi C JCi, 
as wanted. The figure below represents the sets TZi when n = 3. 




7^; 




7^l D supp(pi) 7^2 D supp(/?2) 7^3 d supp(pg 



Since supp (ft) is compact and JCi is open, it follows from ( 24 1 that there exists Ci = C\ (jt, TZ, Mq ) > 
such that 

ft (a;) min fc^(a;, 2) > -^ft (a;) , i = x £ z £ [~ Mq , Mq] . 

Ci 



Since k is bounded in any compact set, it follows from Condition 2.3 that there exists Ci 
Ci (jt, TZ, Mq^ such that for 1 < i < n. 



(40) 



ft (x) k'{x,z) < Ci Qi {x) min y(x,z), {x,z) € x [—Mq,Mq\ 

l<j<n 



We will often want to show that a certain term is small by applying the one-dimensional Sobolev 
inequality in the Xi-variable, i.e., by applying the estimate 



(41) 



where tp is a, function with compact support in 27Z and C is a universal constant. Then by ([9]), 
(34), and the definition in (44) below, we have 



(42) 



||'pIIl2(r„) < Cr^ II V4,i„(/7||^2(r„) if support(.^) C 27^. 



The constant factor which appears here will often be chosen small to help in absorption argu- 
ments, but it is important to observe that since A > ((5^) > 3 (r^) , we must ensure that a 
term to be shown small because it contains an factor does not also include a factor of positive 
powers of A. 

For simplicity, we will often restrict our calculations to the case when the center i of 7?. is the 
origin. 
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4.4. Auxiliary Results. Given a weak solution w £ H-^ (51) p| Lao {^) to ([6|) , we denote A (x) = 
A (a;, w {x)). It is convenient to define the linear operator 

(43) C^ = d\YA{x)V = d\vA{x,w{x))V, x £ Q. 

Given (p e (fl), we denote by Vy^^(y9 the \/\A- gradient of (/?, formally defined by 

(44) 



,j(f = y^A {x,w{x))W(p. 



See the Appendix for a discussion of the meaning of Vip in case f is not smooth. 
We now list four useful lemmas obtained in 9 . 

Lemma 4.5. Let u G C°° (27?,), ip be a nonnegative cutoff function supported in 2TZ, and j3 G 
Then 



2-R 



< 



2/3- 1 
4/3 



.2/3 J2TZ 

where is the linear operator {'4-3), and ^ is given by (44) 



Lemma 4.6. Let k satisfy Condition 2.3 and TZ be a box satisfying property liw in Condition 



2.3 For any smooth function ip and smooth cutoff function ^ of the form ijj — Y[i=i ''Pi i^i): where 



Vi ^ 4'i 1^ Ci for all i (see Definition (4.3)), we have 



with A, Ci = Ci ( k, n, Ma ] and V/^ 



4(w and 



'44) 



Lemma 4.7. Suppose that i^, x ire cutoff functions as in Definition\4.3[ and TZ is a rectangle with 



2TZ C fl which satisfies property (Q) of Condition 2.3 Then for each q > n, there exists 1 < p < 2 
such that for all u E Cq (27?.) satisfying u ^ x (^^^ Definition 4-^), 0,11 /3 G N, and all < e < 1, 



2TZ 



/A.w 



\u^\ < s-^C{n,A,q,IC,n,Ci,A) Ik'^IL +£ 



27?, 



CV 



where K, — ||VxA||^,, and Ci is as in Lemma 4-6 

Lemma 4.8. Suppose that w is a smooth solution of ^ in 2TZ C fl' . Then for /3 e N and any 

< a < 1, 

n 

/■I I r \ 2/3-1 



< 



E 

n „ 

2V / (Vwj) • A.VC^iy 

n „ 

V / w,, (Vu;) • A.VC'w 



2„„2;9-l 
ij 



2V / ?«,(Vw,) • A.vcV 

. „_i J2TI 



2,,,2/J-l 



2„,,2^i-l 
ij 



i,i = l 



Co 
a 



2K 



n „ 



7 • Vw[ 



72„„|2/3 



-2E 

ij=i 



C2((9,7)-V«;.)' 



27?, 



/ e\%-vw\''\v^w 

J 2V, 

n „ 

+ 2 V / w, (Vw) • Aj^VC^w, 

„_i J27? 



2/3-1 



2„,, 2/3-1 



i,J = l 



; 1 ^27? J2n 



INFINITELY DEGENERATE QUASILINEAR EQUATIONS 



17 



where 7 = 7 (a;, w), f = f (x, w), A = A{x,w), Ai — Ai {x, w), etc., and 

Co = C |M||c3(f) + Il/llc2(f) + Il7llc2(f) + 1} ■ 



Remark 4.9. Lemma ^.8 is a slightly different version of Lemma 5.6 in [9j and readily follows 
from its proof. Indeed the fourth term on the right side of the conclusion of the original lemma is 
replaced, via straightforward changes in the proof, by the sixth and seventh terms on the right .side 
above. 



The following result is used in the proof of Theorem 2.17 



Lemma 4.10. Given u continuous on [0, 1], there exists w G C*^ ([0, 1]) P|C^ ((0, 1]) such that w is 
concave, strictly increasing, w (x) > u (x) for all x G [0, 1], and w (0) = u (0). 

Proof. Let u (x) = maxf g [o.a;] (i) foi' ^ ^ [Oil]i ^-nd u{x) = niaX(g[o,i] ''^ (0 x > I. Since 
maxjg[o x] w (t) is nondecreasing, u (x) is nondecreasing in [0, 00), ii (x) > u (x) in [0, 1], and u (0) = 
"(0). 

Next, for a smooth nonnegative function 77 with compact support in [—1,1] and J r] — 1, set 
??£ (x) = jry (1) and let v (x) — u* rjm {2x) for a; > 0, and v (0) — u (0). Then v (x) > u {x) for all 
X, and V G C"''([0, cx))) fl ((0,oo))/ 

Taking now v {x) — maX(g[o,a;] (^) +2;, we have that v G C" ([0, 00)) p| C°° ((0, 00)), v {x) > 
V [x) > u {x) for all x, v (0) = u (0), and v is strictly increasing. 

By the fundamental theorem of calculus, 

i{x)=i, (1) - f v' (t) dt = i (1) ~{l~x) i,' f f v" (s) ds dt 

Jx Jx Jt 

for all x G (0,00). Let [i" (s)]+ = max{{)" (s) ,0} and [i" (s)]" = max{-w" (s) ,0}. Then [w" (s)]=^ 
are continuous in (0,oo) and v" (s) — [v" (s)]^ — [v" (s)]^. Since 



max 

x<a[o.i] 



v" (s) ds dt 



max \v (x) — w (1) + (1 — x) v' (1)1 < 00, 
:e[o,i] 



fx J t 

it follows that the functions w+ and w- defined by 

w+ {x)^ ( [ [v" (s)]+ ds dt and w_ [x] ^ f f [d" (s)]" ds dt 

Jx Jt Jx Jt 

are finite and belong to (0, 1]. Also note that v {x) — v (1) — {1 — x) v' (1) + iy+ {x) — w_ (x) . 
Moreover, since 

{w± {x)f^[i" {x)f>0, 
it follows that w± are convex in [0, 1]. In particular, 

w+ (x) < (1 - x) w+ (0) + X w+ (1) , X G [0, 1] . 
We claim that the function 

w{x) (1) - (1 - x) v' (1) + (1 - x) w+ (0) +x w+ (1) - (x) 

satisfies all the properties stated in the lemma. Indeed, it is clear that w is continuous in [0, 1], 
in (0, 1], and w (0) = u (0) since w (0) = v{l) - w(0) + w+(0) - ^.(O) = 5(0) = u(0). From the last 
inequality, 

w (x) > "C (1) — (1 — x) (1) + (x) — w- (x) = w (x) > u (x) > M (x) . 

Finally, since 

w" (x) = - (w_ (x))" < 
we have that w is concave, as required. □ 
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5. Proof of the a priori estimates 
5.1. LP estimates for the gradient. In this section we prove higher integrabihty properties of 



Vw (Theorem 5.3) by using the extra hypotheses in Condition 2.10 



Lemma 5.1. Under the hypotheses of Theore'm \2.9l for all integers /3 > 1, every smooth solution 
w of ^ in fl satisfies 

2 



E 



\w. 



,2/3 



n „ 

n „ 

+C(Ci,A,A/o)V / |VC| 



2 2/3-2 



j=1^2K 



Here Ci as in Lemma TZ is any box such that 3TZ C fl and TZ satisfies property in the 
nondegeneracy Condition 1^.5 Mq = ||w|lioo(2K)7 T = 27?. x [— Afo,Mo], and B — (27?., Mq) is 



as in Definition\2l 
Proof. By the product rule, 



1 2/3 



< 2 

Then, using that w is bounded by Mq and applying Lemma |4.6| gives 

2 



It n 



,2/3 





2 




2 Tl ^ 

+ 2MIY. / 




2 




/2K 1 













J=1^2K 



(45) 



n „ 

+CCiAM2^ / |VC| 
< CCiAV / |VC| 

^=1^2K 



/3-1 



20-2 



n „ 

-C(Ci,A,Mo) V / |VC| 

j = l "'2K 



/3-1 



Integrating by parts in the first term on the right, and using the fact that is a solution of ([6]), we 
obtain 

2 



E/ i^cr 



E 



w 



2TZ 



2P-2 



/ wdiv |VC|^w|^ ^yl(a;, zi;)Vw 

i=i 



27?, 



, 20-2 



Ej/^Hvcr(v( 



V|VCr) •yi(a:,u;) Vw 
A (x, w) Vw 



20-2N 
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n ^ 



(46) 

In /, using the estimate 

(V|VC|^) ■A{x,w)Vt 



= 1 + 11 + III. 



< 



< CA^ |VC| 



we have 



(47) 



/| < / \w,\'^-^\{v\VQ\')-A{x,w)Vw 



ivcr 



2/3-2 _ 3-1/3-1 



n „ 

j^;^ J2K 



2^-2 



^''^j -^-^j obtain 



Using the identity Vw^ 

n ^ 

|//| < 2M^Y. \'^C\'\w,f-'\(Vw^-')-A{:x,w)Vw 

3 = 1 -^^K 



(48) 



W 



2/3-2 



+ CMIY. |VC| 

■1 J2K 



/3-1 



j=i"-'- j=i 

Finally, since 7 is subunit with respect to ^ in F = x M, we have I7 (x, w) • Vw| < B 
for all a; £ 27^, where S = B (27^, Mo). Then 



(49) 



|///| < MoV / |VC|'u;f-'(|7(a:,^)-Vw;| + |/(x,u;)|) 

+ (cbHiI + 11/11 , 



/A.w 



W] W 



2/3-2 



L°=(f ) 



E/ ivci 



2 2/9-2 



Combining ( 46 1 , (|47| , ( |48| and ( 49 ) , and absorbing into the left yields 

2 



2^-2 



E/ ivci 

< CM^^ / IVCI 

+C {{A^ + A^B^) + A' |l/|l^.(p)) ± J^^ e 



■7 



2 2/3-2 



Using this estimate in the first term on the right of (45 1 finishes the proof of Lemma 5.1 



□ 



Lemma 5.2. Under the hypothesis of Theorem 2.9, if w is a smooth solution of ^ in fl, then 
for any /3 € N and any box 7?. C satisfying property (M) in the nondegeneracy Condition 2.3, 



< 



n „ 

= 1 -^2^ 

n „ 

CB^Y. c 



CB^ 
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Here B = (27?., Mq) is as in Definition 2.7 and C depends on A/q and 
Proof. Integrating by parts, we have 



L°=(r) ■ 



2n 



w div 



2K 



(^•uhj^ A (x, vS) \/w 



-2 
-2 



wCwf (VC) ■Aix,w)V'w 
wC'^Wj (Vw^^ ■ A (x, w) Vw 



(50) 



+ / w(^Wj' ['j{x,w) ■ Vw + f{x,w)) 
I + 11 + III. 



By Schwarz's' inequality and since 7 is of subunit type with respect to A, 



\I\ < CM^ 



2TZ 



fA,w 



2;9 



I //I < CM, 



Q 

2 ll,f2 



\U1\ < CB^M^ 1 



2 

L~(f) 



6, 

1 

6 

27?, 







J2n 




f 




J2TZ 



2/3 



2/3 



/■2 2^ , J- 



2K 



W 



2/3 



Applying these estimates to ( 50 1 and absorbing into the left gives 

2 



E 



/-2 20 



j = l "'27?, J2 

with C depending on Mq and 



..2/J 



n ^ 

+ CB'J2 c 



2 20 



1^00 (p). To obtain the conclusion of the lemma, we apply the 
Sobolev inequality ( 42 ) to the last term on the right and note that 

2 



CB' 



2TZ 



is bounded by the sum of the first two terms on the right. 

Theorem 5.3. Under the hypothesis of Theorem 2.13 , if w is a smooth solution of ^ in J7, th 
for all integers /? > 1 and every open Q! with i7' d £7, there exists a positive constant 



□ 

en 



Cb = Ci 



(Mo, n, S, A, fc, ||/||ci(ro , Il7llci(r') . dist (17', d^) 



such that 



E 



2/9 



E 



13 



Here Mq = I1^'^I1l=o(o')' ^ denotes the constants B_4^{fl' , AIq) , Bj [Q' , AIq) in (16) and (18), and 
r' = fi' X [-Mo,Mo]. 

Proof. Let 7?. be a box satisfying property ^ in the nondegeneracy Condition 2.3 and such that 
272. (E Vt. From Lemma 14.51 



E 



27? 



CV 



(51) 



n „ n . 

<- ^^i:|Lc"(^-.)('»f-)h^gL 



,,2/9 
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Differentiating ^ with respect to the j*'* variable, we obtain 

(52) - C^,Wj = div {djA (x)} Vw + (djj) • Vw + 7 • Vwj + djf 



for all J, where is the linear operator (43), 7 = 7 (a;,^) and djf = d[f{x,w)]. Hence 



n p 

Y: / C^(/:.u;,)(«;f-) 
= V / C'(div{9jA(x)}V«; + (aj7)-Vw + 7-Vi«, + 



2;9-l 



n n n 



i=l 



(53) 



= 1 + 11 + III. 



From (12), (16) and the inequality 



\Jk* (x, vS) \dju\ < 

where u is any smooth function, we get (with as in (16)) 
|{9jA(x)}Vw| = \{Aj+WjA^}Wu\ 

< CB_A 

< CBa 



l<j<n, 



(54) 
Writing 



+ CB_A \/k* {x,w) \wj I 
+ CBa 



(C 



2„ 2/3-A _ 2/3 - 1 ,2,, S-ly7,„/3 , ,,,2/3- 



integrating by parts, and using "'" < 2 and (54 ), we obtain 



< 



2„„2/3-l 



^ / (Vw).{a,A(a;)}v(cV 

^E / cS'*"'(v^)-{^.A(x)}v 



J = l 



E 



2/3-1 



(Vw) • {a^A (x)} vc 



27?, 



< 



(55) 



< 



n „ 

-E/ c 



{i + |vv:4,«,^|} 



+ C / |Vw| 
J2n 



2/3 



27? " 



,2/3 



27?, 
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From the chain rule, the super subordination Condition ( 18 ) for 7, and Young's inequality, 

|2^-l 



// < E / CM l/,l + k,IIM + E|7]|Kl) 

„ n 



E 



< c / c^(ivz.r-viv«.r)+cE / c 

J2V. ^ ' J2n 



2 213 



(56) 



2K 



1 2/3 



2K 



where Ca ^ Ca [^B^, A,\\f\\^.i^f,y\\^\\^i^p-^j with B-y as in ( 18 ). 
Since 7 is of subunit type with respect to A, 

E/ 



(57) 



< a 



2 2/3 



Using (155|, ([561 and (jST)) in (|53|) yields 

n 

E 



27?, 



< 



CaB^ 



C / |Vw 

J2n 



2/3 



27? 



2TZ 



Substituting on the right of (51 1 and absorbing into the left, we get 

2 



(58) 



27? 



< CW + l) / \Vw\ 
J2n 



2[i 



+ Cal3B' C\Vw 
J2n 

+cpB\[ ev^w 

J2n 



2/9 



2P 



+ PCa. 



Now we will further assume that for fixed constants C and /3, the constant is small enough so 
that 

(59) C^B^B^ < i. 

We will show later that this assumption causes no loss of generality. Applying Lemma [5. 2| to the 
third term on the right of (58), and absorbing into the left using (59), we obtain 

^VAj'+CaPB'f e\S/w\ 
J2-R 

+CI3B^B^ 



7=1 ■ 



27? 



< Cif3 + 1) / \Vw\ 

J 27? 



2/3 



^^/A.■wC 



Vw\''^'+f3Ca 



where C depends on Mq and ||/||i==(f)- In turn, applying the Sobolev inequality (42) to each (wj 
in the second term on the right, and applying Lemma |5.1| to the first and third terms on the right 
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(and the similar term arising from the Sobolev inequahty), we obtain 



(60) 



n „ 

< l3Ca+CbY, |VCI 



,./3-l 



n „ 



2 2^-2 



after absorbing into the left, by taking small enough depending on /3, B, A, ||/||ci(f) ^^'^ 
||7||^i^p-j; here it is important to note that the constants multiplying do not depend on the size 
of 7^. Also, 

Cb=C (^Mo,k,n,(3,n,B,A, ||/||ci(f) > Il7llci(f)) • 

The conclusion of the theorem will now follow by induction from ( 60 1 and the Sobolev inequality. 
Indeed, if /3 = 1, 

2 



27?, 



<PCa+Cb / e <Cb. 
J2-R 



By the Sobolev inequality ( [42| ) and Lemma [5. 1[ 



(61) 



V AT W.i 
VA,w J 



<Ch. 



Since £7' <e 17, there are a finite number of rectangles {TZi} satisfying ( 61 ) and such that Q,' c[jTli. 
Choosing Ci as in Theorem |5.3| in case /3 = 1, it follows that 



J = l-^" 3 = 1 

Suppose now that we have shown that 



(62) 



n „ n p 

E/ -f+E/ 



<Ci. 



for /3 = 1,2,..., M. Given x e fi', let 7?. be a box satisfying property ^ in Condition 2.3 and 
such that a; e |7^ C 27^ C O' <E Then, from 



< iM+l)Ca + Cbf^ f I^CI 
J 27?, 

n . 

< {M + l)Ca + A^CbV] / 

3=1-'^' 



M 



Vwl^*''^ < Cm+1- 



An application of the Sobolev inequality, Lemma |5.1[ and a covering argument complete the in- 
duction. 

It remains to show that the extra assumption ( 59 ) imposes no loss of generality. For a constant 
M > 1, let u (x) = Mw {x) and 

A{x,q) = A{x,q/M), k* {x, q) ^ k* {x, q/M) , 

iix,q) = Jix,q/M), fix,q)^Mfix,q/M). 

Then u satisfies 

div A{x,u) Vw + 7 (a;, u) ■ Vw + / (x, u) 
= div^(a;, Mw (x)) VMw [x) + f (x, Mw {x)) ■ VMw (x) + f{x, Mw (x)) 
= M [div^ (a;, w (x)) Vw (x) + j {x,w (x)) ■ Vw (a;) + f {x,w (x))] — 0. 
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On the other hand, by (16), 



dqA {x, q) C 



= \d,A {x, q/M) = 1 A {x, q/M) 

< k* (x, q/M) C'A {x, q/M) ^ 

= B^.M-^l?{x,q) eA{x,q)^ 



B 



k* {x,q) eAix,q)( 



with Bj — B_aM ^. Since 7 is of subunit type (Definition 2.7), 



^1=1 



Also, by ([18|), 

a,f(x,q).f|' = M-2|^^(a;,5/Af).^|2 <m-2b2 k*{x,q/M)eA{x,q/M)^ 

Hence u (x) satisfies the equation 

div A {x, u) Vu + 7 (a;, u) • Vu + / (x, m) = 



with the corresponding constants in Condition (2.10), namely 



Bj = BaM- 



and 



B-y B-y. 



Hence, taking M large enough and letting B = max{i?^i\f ^, B^}, we have that 



B' 



C(3 



Ba 
M 



Ba 
M 



,B^^ 



1 



so the extra assumption (59 ) holds for the operator div^ (x, •) V + 7 (x, •) • V + / (x, •). By the 
previous calculations, there is a constant 



Cp=Cp{ Mo,n,B,A,k, 



,r2,dist(f7',ar2) 



such that 



E 

3=1 



,2/3 



E 



/3' 



here Mq = = Af \\w\\^^^^,^ and T' = f7' x 



-A/o,Afo 

from the identity w — Mu and the definitions of / and 7 . 



. The general result for w follows 



□ 



5.2. Proof of Theorem |2.13[ In this section we prove the a priori estimate in Theorem |2. 13 



a consequence of the higher intcgrability of Vw established in the previous section. Theorem 2.13| 
will be the main tool in the proof of Theorem |2.18| 

By Theorem |2.9[ we only need to show that is locally bounded in terms of appropriate 
parameters, i.e., we only need to show that for every box TZ C 47?. C fi' d fi, 

\\^w\\L--(n) < C ' ''^'^'-^'•^''^) ; 

the dependence of C on its arguments will be made more explicit as we proceed. By the Sobolev 
imbedding theorem, it is enough to show that for some /3 > n, 

(63) \\w,j\\^^f^^^^<Cp(^\w\\^^^^,^,n,k,AJ,^^ , l<i,j<n. 

Let TZ C 472. C 51' be a box satisfying property ^ in the nondegeneracy Condition 2.3 Since 
such boxes cover fi', there is no loss of generality in adding this extra condition. Applying the 
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Caccioppoli inequality for the yl-gradient, Lemma 4.5 to the smooth functions 'Wij= didjW, we get 
for /3 e N that 



211 



< 



n „ 



2,3-1 



i,3 = l 



2TZ 



2/3 



We estimate the first term on the right by Lemma [4781 obtaining 

2 



/3 



< CfiY^ (Vu.,)-A,VC 

, ,_i J2K 



2 2;9-l 



2, ,,2/3-1 



+C/3 V / u;,, (Vw) • A,VC 



2 2/3-1 



a 



27?, 



2|v72„„|2/3 



^J = 1 -^27? ,/27? 
"'27?, ^27?, 



. .-I J2T' 



(64) 



/ + // 



VIII + IX + Col3 [ C^|V«7| 

,7 27? 



, —1 "'27?, 



wf/ +Co/3, 



where < a < 1 is arbitrary, 7 = 7 (x, w), f — f {x,w), A = A{x,w), Aj = (a;, w), etc., and 

Co = Co (||-4||^3(r') , Il/llc2(r') ' Hllc2(r')^ 

with F' = f7' X [-Mo, Mo] and Mq = ||w|lL~(f2')- 
Note that 

diA (x) — diA (x, w) — Ai {x, w) + WiAz (x, w) — Ai + WiA^. 

If u is any smooth function, from (12), (16), (17), (18) and since 7 is of subunit type with respect 
to A, it follows that 



(65) 

(66) 
(67) 



\A,^u\' < V^,^,7. 

IwiA^V-u]^ < B\\wi\'^ k* (a:, w) F (a;, w) {djuY 

< B\ 

n 

^|A,,Vm|' + |A,,Vm|' < {B'^f 





2 1 1 
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2 



and 

2 



(68) |7-Vwr < 

(69) ^ |7, • Vu|' + |7, • Vm|' < S2F(x,u;) 

We will now apply these estimates together with the Schwarz and triangle inequalities to treat 
each term of (64). We will incorporate the constants Bj^, B^, etc. in our generic constant C. 
By definition of / and (651, 



n . n . 

= l -^27^ J2K 



< «E ly 

i,j=l • 

Similarly, using (l66|) 



27?, 



n „ 



\X/A.wC\ 'W^3 



2P ,CP^j^l ^2^2^ 



a 



27? 



II < Cpy^ Cw.wl^-' (Vz«,) • A, (VC) + C/3 V / C'«^f/'u;, (Vu;,) • A^Vw 

„_i J27J J J2TI 



< aE / C 

+ — — 



27? 



2/3 



Treating /// analogously, we get 

I + 11 + III + IV 



(70) 



< 



-E / c 



n „ 

E / I v^,»c 



2 2/3 , C"/?^ 







1211 





By (168|) and 

n „ 

(71) V + VI< Cf3a E / 



'■,3 = 1 



n „ 

C/?aE / 



,2/3 



2/3 



Now, using the identity djj — + Wj^^ 



VII < C/3 E / C (7, • V«;,) + C/3 E / C'u;^ (7. ' V 

,-1 "'27?, ^ j^-^ J2n 



Vlh + VII2. 



'Wi) w. 



2/3-1 



We have 



Vlh < 



n „ 

Cf^Yl / C'll7llc^(27?)«^'/ 



n ^ 

< C0/3E / c 

^J = 1^27? 

Now, integrating by parts, 

„_i J27J ^ 



2 2^ 
W- . 

■13 



< 
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n ^ n ^ 



V^//2,i + VII2.2 + VIL 



'2,3 



VII' 



2,4- 



Then 



(72) 



Assume for the moment that /? > 1. Then by using the super subordination Condition |2.10| for 7, 
and Young's inequahty in the form 



l/5l< 



1/1^^ + ^ / isr, 



the second term on the right of ([72| is bounded by 



n „ 

Cap / -I 



2 2/3-2*2;* 



< 



< 



.1 "'27?, 



2/3-2 



J2K . J2K 



where we used that 



|2 



Vy^^C ^ . If on the other hand P — 1, the estimation of the second 



term in (|72|) is simpler; without using Young's inequahty, we can estimate it by just the second 

^ j^l J2-R „ „_i J27- 

n „ 

+CaPA^ / 1^"^ 



term above. Thus, 

VIl2,l < 



cp_ 

a 



1 4/3 



i,3 = i 



Similarly, 



VII2.2 < 



< 



2 2/3-2 |4 
W^- |Vw| 



and 



y//2,3 < ^ E / C^-'/ + CaP± f C 



2/3 



Now, from (69), 



X, w 
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Thus, 



VIhA < 



CP 



2K 



>2 2 2,3-2 



n „ 
. .1 "'27?, I 



< 



C/3 



; 7 = 1 "'2 7?, " j . iJ2K 



Assembling all these estimates, we obtain 

(73) < ft! cH'+cap± I -?/|v^,„c 



'2 2^ 



J2-R. , J2n 



By (67), 



VIII < 



< 



(74) 



< 



n „ 

V / C'w;* (Vzi') wf,"' • A,,Vu.: 

. „_i ^27? 

n « 

+ Ca/3V / C 

^/^E/ -?/|vy:.,.cf + ^^E Lev/ 



■7 



'27? 
\2 



" J27? ^j^iJ2n I 



w ■ 



Similarly, 
(75) 



,-2 



/A < 



n 



27? 



2 2/3 
W ■ 
13 



a ^27? i ^27? 



Using estimates ( |70[ ), (|71j), (73 1, (74) and (75) in ( |64[ ), and absorbing into the left, we obtain 

2 



(76) 



27? 



< 



n „ 

+Co/3^ E / C 

^^ = 1^27? 

+cp^ E / c 

. „_i J27? 



20 



2 20 
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+C0/3' / f\Vwf'^+CoA''(3. 

J 27?, 



We now estimate the third term on the right of (76 1 proceeding as in the proof of Lemma 5.2 
Integrating by parts, 







/2K 





w 



2/3 



n „ 

= — / w div I ('^wf^ A{x,w)Ww> 

n „ 

< Mo V / (VC') • A (x, w) 

n „ 

+A/o ^ y C (V«;-/) • ^ (x, w) Vw 



+Mo ^ / CH^|7-Vz« + /| 



By Schwarz's inequahty, the identity Vw^j^ = 2w^ Vw^-, and (68), we obtain after absorbing into 
the left. 



27? 



n „ 
, -1 "'27? 



n « 

<c(m2 + i)(|i/|i^^(,,^ + b^) ^ / ^ 

n „ 



2 2/3 



2 



Using this on the right of ( 76 ) gives 
(77) 



i,3 = l ' 



2n 



n „ 

< Cfi^ {Ml + 1) E / 

E / c 



2/3 



2 2/3 



'■/A,w ^ij 



+CoB^P^ [ I Vw|^^ + CoA2/3, 

J27J 

Ci = Ci (Mo, B, /3, P||c3(ro , ll/lic^(r') , Il7llc^(r') 



with 



By the Sobolev inequahty (|42| and the product rule, 

> 2 



27? 



27?. 



27? 



Applying this to the second term on the right of (77), and taking small enough depending on 
Mq,P, B, ||^||c3(r'); Il/llc2(r') ^'^^ Il7llc2(r') (^^^ order to absorb the term resulting from the first 
term on the right of the last estimate), we get 



E / c 

n „ 

. „_i J27? 



■7 /9 



< 



c^E/ 

J27? 
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Now restrict 1 < /? < n + 1, and assume that Mq is small enough so that 
(78) CP^M^ <C{n+lf Ml < 1/2. 

Then the second term on the right above may be absorbed into the left side to obtain 



(79) 



For any q > 1, 



^,3 = l■^^^ 



< 



/A.w 



W 



hn 



2/3 



<C\\A\\ci(r') l + l|Vw|L,(2K 



Then from Lemma |4. 7| applied to the function u — ^Wi j, choosing q = n + 1, there exists 1 < p 
p (n) < 2 such that 



E 



2TZ 



/ A.w 



2/3 



E 



27?, 



20 



n 2 n „ 

o o — 1 ^ — 1 27? 



for all 1 < /3 < n + 1. On the other hand, by Theorem |5.3| 
(80) 



Vu'|lLn + i(27?) + I|Vw||l63(27?) < ^2 



where C2 — C2 (^Mq, n, S, A, fc, ||/||^i^p,^ j Il7llci(r') ' '^^^^ (^'' ■ Using these estimates in (79) 
and absorbing into the left gives 



(81) 
with 



LP 



+ C3 



C3 = C3 (Afo, B, A, fc, 7^, M|lc3(r,) , ll/llc^fro , Il7llc2(r') - dist (!]', 9r!) 
where we have used Remark 



4.4 



E LJ' 



27? 



to substitute the dependence on A by dependence on fc, 7?., Mq. 

;s 

CoB^ [ e\ywf+CoA^ 

J 27? 



Choosing /3 = 1 in (79) and applying Lemma 4.6 and (80 1 gives 

2 " 



.,J = 1^27?l 

< CiCiA^aV / 

,- n J27? 



2 J 



+ C3. 



Estimating the first term on the right by Theorem |5.3( we then get 

2 



(82) 







hn 





To finish the proof, we iterate (81) in a similar fashion as in the proof of Theorem 5.3 using 



82|) to start the iteration. We omit the details. As a result, we obtain 

(Afo, n, B, A, k, P||c3(p,) , ||/|lc2(r') , Il7llc^(r') > dist {n', dCi) , n 



E 



From the Sobolev embedding theorem it follows that 

||Vz«||^^(^,) <C* 
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as desired. 

It remains to prove that assumption ( 78 ) does not result in a loss of generality. This will be 



accomplished by a change of variables as at the end of the proof of Theorem |5.3[ In fact, letting 
u {x) = w {x) /N, u satisfies the equation 



(83) 

in ri, where 
Moreover, 



div A {x, u) Vu + J {x,u) ■ Vu + f (x.u) =0 



A{x,q)=Aix,Nq), 7(x,g) =7(x,iVg), f (x, q) = — f (x, Nq) . 



Mo = \\u\\ 



_ Mo 



Hence, for N big enough, the analogue of (78 1 holds for u. The result for w then follows from the 
identity w = Nu. 

6. Proof of the Hypoellipticity Theorem 

In this section we prove our main results Theorems [2ll| and [2?T7l To do so, we will apply 
Theorem 15.19 of [H]. For easy reference we now state a special version of this theorem suitable for 
our needs. 

Theorem 6.1 (Theorem 15.19 in [B]). Let fl be a bounded domain in M" satisfying an exterior 
sphere condition at each point of dQ. Let M be a divergence structure operator, 

Ai (w) — div 5 {x,w, Vw) +T {x,w, Vw) , 

where S = {S^,S^, . . . ,5"), G C^+^ (^2 x M x M") for all i, T G (17 x M x M") for some 
Q < 5 < 1, and where there exist positive constants a^, bo, bi, cq and do such that for all ^ G M" 
and all (x, z,p) e V, x R x M", 



(84) 
(85) 
(86) 
(87) 



e{^pS{x,z,p)}^ > coicr 



|Vp5(a;,z,p)| < do 

{l + \p\)\d,S\ + \W,S\ + \T\ < do{l + \p\f 

p-S{x,z,p) > ao\pf 

T {x,z,p) sign z < bolpl+bi. 

Then for any function ip E {d^), there exi sts a solution w £ C'^+^ (f^) RC" {^) of the Dirichlet 
problem 

M{w) ^ mn 
w — ip on dQ. 

Remark 6.2. Theorem 15.19 in Q is established only for ao = 1. Its generalization to any 
positive constant ao is straightforward. See the proof of Theorem 10.9 in 6 for details. 

To prove Theorem [2A7) we will apply Theorem |6.1| to a family of truncations of the operator Q 
defined in (|6|. For each M > 0, let xm S C°° (M) satisfy 

z if Ul < M 



(89) 



Define 



if z > 2M 
a z < 2M 



dz 



XM (z) 



< 1. 



A'^'' {x, z) = A {x, XM {z)) , f'''^ {x, z) = 7 {x, XM [z)) , {x, z) = f (a;, xm {z)) 



M 



and set 



Q^^w (x) = divA'^' {x, w (x)) Vw (x) + {x, w (x)) ■ Vw {x) + (x, w (x)) 



M , 



rM , 
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Note that if \w (x)| < M then Q'^'w (x) = Qw (x). 

Proposition 6.3. For each e, M > 0, the operators = + eA satisfy the hypothesis of 
Theorem \6.1\ with 



oo = 


Co = £ 






ll7llL=o(f) 


h ll/llLoo(-f) 


do = 




Loc(f) + ll7llL.-(f) + ll/llL~(f) 




Moreover, 


since A^'^ , 7*^ and are smooth functions, the value of 



5 in Theorem \6.1\ can be any value Q < 5 < 1. 



Proof. With the notation of Theorem 6.1 and A [x, z) — ja*^ {x, z)}" . , we have 



with 
(90) 
(91) 



Qf {w)= M{w) = AiYS 



S'{x,z,p) = ^{a'-^x,XM {z)) +£Sij)pj, i = l,...,n, 
i=i 

T{x,z,p) = 7(x,XAf (^;)) •P + / (a;,XAf (^)) • 



Here 5ij = 1 if i = j and (5^^ = otherwise. Let us now verify (85|-(88). 

(Hg). By m, 



{Vp5 (x, z,p)} i = ^dpAY^ (a'^ (a;, Xm {z)) + £(5^) ) Ui, 
i,i=i \j=i 

n 



cu(x,xM(^))^+£ier 



Hence, (84 1 holds with co = £ . 
(ISSl). From (|90|, 



dp^S' {x,z,p)\ = |a'-' (x,XAf (2:)) + £^j: 

< |a*^' (x,XAf (z))| +£ 

< ||yl||ioc(-f) +£, 



where f = 1] x [-|Af, |A/]. Thus, (85) holds with do = MllLoc(-f) 



(86). From (90l and (91), 



< 



il + \p\)\d,S\ + \V,S\ + \T\ 

(1 + \P\) \£XM {z)\ I A ix,XM iz))p\ + \V^Aix,XM {z))p\ 
+ \l{x,XM {z)) ■ p + f {x,XM {z))\ 

(||V(^,,)^||^3.(f) + ll7llLoo(f) + ll/lli~(f)) (1 + \p\f > 



where we used that \j^Xm {z)\ < 1- Thus (86) holds with 

do = ||V(a;,;,)y^||^„^f,^ + Hllioo^f) + ll/llL~(f) • 



(|87|). By (|90f it follows that 

p-S{x,z,p)^p- {A{x,xm (z)) +le)p> e\p\'^ 
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Thus (87) holds with qq = e. 

(HU). By 



T{x,z,p) signz = {j{x,XM (z)) ■ p + f ix,XM (z))) signz 
< Wlh-^r) W + ll/llL-.(f)- 



Hence (88) holds with 6o = IItI 



L°=(f ) 



and bi = \\f\\ 



L=°(r)- 



□ 



6.1. Proof of Theorem 



2.17 



Let f2 (E r2 be a strongly convex domain as in the hypotheses 
of Theorem 2.17 Then ft satisfies an exterior sphere condition at each point of 9^7. Given a 
continuous function ip on 9f2, let Mq = supgQ \ip\. By Theorem 6.1 and Proposition 6.3 with 
M = Mo, for aU £ > there exists e 0"^+^ (^^) flC" (H) , < S < 1, such that w' is a solution 
of the Dirichlet problem 

Q^^ow = inn 
w — if on dCl. 

The solution w'^ also depends on Mq, which is fixed. The smoothness assumptions on A, 7 and 
/ and a standard bootstrapping argument (see, e.g., Theorems 6.2 and 6.3 in [5]) impl y that 
w^e C°° {n)f]C° (H). Since the operators Q^^° satisfy the hypotheses of Theorem 
Appendix (the maximum principle), we have 



7.4 



in the 



(92) 



Thus the functions w*^ are uniformly bounded by Mq in fl for all e > 0. From the definition of Qf^° 
it follows that Qw" + eAw^ = Qf°w^ = in 17. 

By ([9]), the coefficients of Q + el, namely the entries of = ^ + el, satisfy 

n n 

J2 (fc^ i^, ^) + e) < (x, z) e < {x, z) + e) 

1=1 i=l 

for all ^ G M" and (a;, z) G F = x M. That is. A,, satisfies the diagonal condition for diagonal 
entries A:' + e. Next, by (H^, 



^ \d,Ae (X, Z) + \d,Ae (X, Z) < B\ < B\ eAe^ 

i=l 

for all C G M", (a;, z) G F^^^. Hence A^ is subordinate, with the same constant Bj( as for A in F^^^. 
We also have by (16) and (17) that 

\d,Ae{x,z)£,\' = \d,A{x,z)i\' <B\k*{x,z)eA{x,z)i 
< CB\ {k* [x, z) + e) ^Ae (x, z) ^ 

and 

n 

^|9,9,A(a;,z)e|' + |a2 A(a;,z)e|' < {B'^f e A {x , z) ^ 

i=l 

< {B'_^f eA{x,z)^ 

for aU C G E", (x, z) G F^^^. 

Thus Ae satisfies the super subordination condition with the same constants as A. Hence 
Q + e satisfies the hypotheses of Theorem |2.13| uniformly in e, < e < 1. Applying Theorem 



2.13 to the solutions , it follows that for any multi- index a of nonnegative integers, the family 



\^D°'w^ , < e < 1} is equicontinuous and uniformly bounded in any subdomain ft' (sfi. By the 
Arzela-Ascoli theorem, there is a subsequence {w'^'} with e^ — >■ which converges in C°° (il) to a 
function G C°° (il), i.e., D"w^^ converges to /^"u'^ uniformly on compact subsets of fi, for all 
multi- indexes a. We will show that w° is a solution of the Dirichlet problem (25). 



34 



RIOS, SAWYER, AND WHEEDEN 



Since and all its derivatives are uniform limits of w^* and their corresponding derivatives in 
compact subsets of ft, then |Ai(j"| < oo in fi, and for all x £ il, 

Qw°{x) = divA{x,w°)Vw°+^{x,w°)-Vw° + f{x,w°) 

= lim div ^ (x, w^' ) Vii;^' + 7 (x, w^' ) • Vw^' + f {x, w'^' ) 

= lim Q^^oy;^* (x) - A u;^' {x) 
= — lim Au''^' (x) = 0. 

Therefore w° G C°° (fl) is a strong solution of the differential equation in the Dirichlet problem 



(25 



Define 



ip on on and recall that w'^ = ip on dfl if e > 0. To finish the proof of the 



theorem we must check that w'^ E C"(il). 

Let io (r) be the modulus of continuity of ip on dil: 



sup \ip {x) - ip {y)\ 

x,y(^dQ.\x — y\<r 



Then uj is continuous and uj (0) — 0. By Lemma 4.10 taking a bigger oj if necessary, we may assume 
that UJ is also concave and strictly increasing in [0,diamO], and in (0,diamr2]. 

By our hypothesis on 7, there exists 770 > such that j {x, z) = ii x G fl, dist (x, dfl) < rjo and 
1-^1 < Mq. Let Xq be an arbitrary point on 917, and let h{x) be the barrier function for oj at Xq 
provided by Lemma 7.6 in the Appendix, with $ and O there chosen to be SI and O respectively, 
and with v = 2Mo, mo = 2Mo, rj = 7]q and K = ll/H^oo^f)' where f = H x [-2Mo,2Mq]. Thus 

there is a neighborhood A/" of xq with A/" C {|x — xo\ < 770} and a function h e C°° (A/") Pl^'^ (-^) 
such that 



(93) 
(94) 

(95) 



h (x) < —a; (|x — Xo|) . 
div A{x,h{x) +m)\/h > H/H^oo^f) ' 



for all X e Jlfl-^ and |m| < 2Mo. Moreover, 

(96) h{x) < -2Mq 

(97) h{xo) = 0. 



A/i = ^92^>0 
if X e aA/'p|f7, 



Now, by ( 93 1 and the continuity of h on 77, 

(98) h (x) < — cj (|x — xo|) < {x) — p (xo) = w'^ (x) — (xq) 



By (96) and (92), 



a x eAff]dn,e > 0. 
if X e dAff]n,e> 0. 



/i (x) < -2Mo < (x) - ip (xo) , 
Therefore, 

(99) /i (x) + V? (xo) < (x) if X e aA/", £ > 0. 

On the other hand, since w'^ is a solution of Q^'^"w^ — and A/" C {|x — xo| < 770} 
div^= {x,w'')Vw'' = -/(x,w-') < ll/lli, 00(f) in A/" Pi 17, 



where the last inequality follows from (92). Thus, letting be the quasilinear operator 



div A" (x, •) V, we have by ^ and (|99|) that 

£e{h + (p{xo)) > £eW^ 

h{x) + (p{xa) < (x) 



in A/" Pi 17, 
iixed(jVf]n 
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From the comparison principle Lemma 7.5 applied to L,^ and the functions w^, h~\-ip (xq) in A/'H 
we obtain 

(100) h{x) <w^ {x)- ip{xQ) if a; e TV Pi r?. 

Since h is continuous in M and h (xq) — 0, given any cr > 0, there exists (5o > independent of e 
such that 

-a <w^ {x) - ip{xQ) if a; e A/'P|{|x - a;o| < (5o}P|ri, £ > 0. 
Proceeding in a similar fashion for the function Lp (xq) — (x), we obtain 

(101) (x)-p)(x^)\<a ifa;eA/'p|{|a;-xo| <(5o}p|f^, £ > 0. 

Let us now show that is continuous on $7. Suppose not, and let Xq be a point of discontinuity 
of in f2. Since is smooth in fJ, xq must lie on 917. Since = t/s on 9f2 and is continuous by 
hypothesis, there exist points {xfej^i C and ct > such that x^ — >■ and |w°(a;fc) — </5(xo)| > a 



for all k. By ( 101 1 with a — d/2, there exists 5 > Q independent of e such that \w^{x) — (p{xq)\ < 
a/2 if a; S 51 and \x — xq\ < S. Choose x — Xko for ko so large that \xk„ — xo\ < S. Then 
\w^{xka)—v{xo)\ < ct/S for all e. However, w^{xka) — >■ w^i^ko) as £ — )• 0, so \w"{xkf,) — (p{xo)\ < a/2, 
which is a contradiction. Hence g C°° (ft) C\C^ (il) and is a solution to the Dirichlet problem 



(25 



When 7 = 0, uniqueness follows by Lemma |7.5| in the Appendix. This finishes the proof of 
Theorem [2l7l 



6.2. Proof of Theorem 2.18 , Under the hypotheses of Theorem 2.18 let w be a continuous weak 
solution of 

div A (x, w) Vw + f {x,w) — in fl. 

Given x G fl, let $ be the ball centered at x with radius r ~ ^ dist (x, dil). Then $ is strongly 
convex. By Theorem |2.17[ there is a continuous strong solution u of the Dirichlet problem 

Qu = in $ 
u — w on 9$. 

Moreover, u G ($) nC°° ($). By restricting x to a compact set ft' C 51, the convex character 
Xq of $ is bounded below away from zero, the bound depending on dist(f2', 911), and hence the 
constants C^v controlling the deri vatives are independent of Xq. By the uniqueness part of the 



comparison principle. Lemma 7.5 it follows that u = w in ^ and therefore w is smooth inside $ 
with control on all its derivatives in compact subsets of $ . This finishes the proof of Theorem 

EH 



7. Appendix 

This Appendix is divided into four subsections in which we give some technical details about 
facts that we used earlier: degenerate Sobolev spaces and weak solutions, a maximum principle, a 
comparison principle, and barriers for the Dirichlet problem. 

7.1. Degenerate Sobolev Spaces and Weak Solutions. 

7.1.1. The weak degenerate Sobolev space hIj^{Q,). We first describe the degenerate Sobolev spaces 
used in the paper, beginning with a standard definition. 

Definition 7.1 (Weak X derivative). Let X be a locally Lipschitz vector field on Q, i.e.. X ^ w ■'V 
with V e Lipioc(51), the class of locally Lipschitz continuous W^— valued functions on 51. X is 
initially defined on real-valued functions w G Lipioc(51) by Xw = v • Vw. We say that a locally 
integrable function g is the weak derivative Xw of a locally integrable function w if 

(102) / gip^- I wX'tp^- wV-{vip) for all ip e LipQ {fl) . 

Jq Jn Jn 
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The weak derivative Xw is clearly unique if it exists, and Xw exists and coincides with v • Vw 
if w e Lipioc (f^). 

Definition 7.2 (Weak degenerate Sobolev space). Let X — {Xj}^^^ where Xj = Vj are Lipioc(i^) 

vector fields onQ G K". The degenerate Sobolev space H^pf' is defined as the inner product space 
consisting of all w G L'^ (57) whose weak derivatives Xjw are also in (Q). The inner product in 
H]^^ (57) is defined by 



(103) {w,v)p^— I wv dx + / Xw ■ Xv dx, 

Jn Jn 

where we denote Xw ~ (Xiw^ . . . , X^^w), and the norm is 

We now define what we mean by Vw if w; e H^^ (f7) for a collection X = {Xj}]L^ = {v^ • Vj^Li 
of Lipioc(57) vector fields. For such w and X, there is a sequence {wk}^^i of Lip(f7) functions and 
a vector W{x) € M" satisfying -Vj -W € L^(f]) for all j and 

(104) \\wk-w\\L2(n)+^\\XjWk-Vj-W\\L'^(^n)^0 as fc oo. 



This is proved in [T^ (see also [1], [S]) in case all e Lip(ri) but remains true if all vj E Lipioc(57) 
by examining the proof in [12] . 
Then 



(105) Xw = iXiW,...,Xrnw) - (vi •M^,...v„- 

since for all ip £ Lipo (il), 



wV ■ (vjip) — lim / uifeV • (vjiys) 



lim / (vj • Vwk)ip = lim / {XjWk)ip 
\, ■ w) ^. 



Moreover, if {luj.} and W are another such sequence and vector for the same w, it follows similarly 
that w V • (vjiys) — /^j ( Vj • W' j (p. Hence 



(v, -W)^^ [ (v, . W') ^ 



for all Lp G Lipo (fi), so that 

(106) Vj • # = Vj • W' for all j. 

In this sense, W is unique, i.e., W is uniquely determined by w up to its dot product with each 
vector Vj. We will often abuse notation by writing W = Vw. Any particular W as above with 
be called a representative of Vw. Then = • Vw,j = l,...,m, for all w G ijjj^'^ (i7) . 

Furthermore, by (104 1, the sequence {wk} above satisfies 

\\wk — ■'^ll_ff^'^(o) ~^ *-* as /c — > cxo. 

Suppose that il' C fl and Af > 0, and let X — {Xj} = {v^ • V} and i?^' g (57) be as above. We 
claim that if A{x, z) and 7(0;, z) satisfy 

(107) ^^(x,z)C<c^(v,(a;)•e)2 and (7(x, z) • < c^(v,(a;) • 
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for all {x, z, ^) e X (—A/, M) x M", then y/A{x, z)Vw and 7(0;, z) ■ Vw are well-defined for any 
(x, z) e ri' X (— M, M) and any w S i?^' g {^) , i.e., that if W and W^' are any two representatives 
of Vw, then A{x, z)W{x) = \/A{x, z)W'{x) and 7(3;:, z ) ■ W{x) ~ 7(2;, z) ■ W'{x). In fa ct, si nce 
Vj ■ {W - W') ^ vj -W -W' ^ for all j by ( |l06| , this follows immediately from ( |l07| by 
choosing ^ = 14^(2;) — W'{x). 



Let fc (x, z) =(fc* (a;, ^)) ,j and A (x, z) be as in Theorem 



2.17 



(i) k {x, z) E C^(r) and satisfies the nondegeneracy Condition 

(ii) A G C°°(r) and satisfies the diagonal Condition 2.5 in F, 

(iii) A satisfies the super subordination Condition 2.10 in T. 

The particular vector fields that we will use are 

(108) di,y/k^ix,0)d2,...,y/k"ix,0)dn. 



2.3 



that is, with T = x 
in r, 



We claim that since k'^{x, 0), . . . fc" (x, 0) G C^(ri) and are nonnegative, the Wirtinger inequality ( 11 ) 
implies that the vector fields ( 108 1 belong to Lipioc(r2). To see why, fix i and denote k'^{x, 0) = k{x). 
For a Euclidean ball D fl, e > and all xi,X2 E D, we have 



\/k(xi) 



\/k(xi) + £ 



< 



Vfc 



\x\ - x-A 



< Cd 



VkTe 
Vk 



\X1 ~ X2\ 



L~(D) 



|a;i-X2| by (11), 



where Cd depends on k and dist(D, 9f2). Hence 



\/k{x2) 



< Cd\xi - X2\, Xi,X2eD, 



uniformly in e. Letting e — > and using the Heine-Borel theorem to cover any compact subset of 
f2 by a finite number of balls proves our claim. 



2.I7I we let X = {Xj}"^^ with Xj = y/k^ {x,0)^. An analogi 
r collection of locally Lipschitz vector fields. 



ous definition 



7.1.2. X-weak solutions of quasilinear equations. Here we make precise the notion of a "weak 
solution" of the qu asilin ear equation (|6|. For fc* (x, z) as in the hypotheses of our main results 
Theorems 2.18 and 

can be given tor any collection of locally Lipschitz 

Definition 7.3. A function w e Ht^'' f] L^^ (il) is a weak solution of 
(109) Qw — div A{x,w)\'w + J {x,w) ■ + f {x,w) — in fl 

if for all u £ LipQ(f2), 



(110) 



(Vu)* A {x, w) Vit; dx 



u 'J {x,w) ■ Vw dx + / uf{x,w) dx. 



Given wq, wi € H^^ (il) p| (il) , we say that Qwi > Qwq in il if 



< 



(Vu)* A {x, wi) 'Vwi dx ■ 
(Vu)* A {x, Wo) VziiQ dx 



u 7 (x, wi) • Vifi dx - 
u 7 {x, wq) ■ Vwq dx 



u f (x, wi) dx 
u f {x, wq) dx 



for all u G LipQ(r2). 
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To show that the integrals in ( 110 ) converge absolutely, note that if w G (fl), then by Lemma 
2.15 and the diagonal condition ([9| , we have that for all x & fl' <£ fl, 



eA {x, w (x)) e « eA (x, 0) e « ^ (x, 0) 



with constants which depend on A, fi' and Mg = HwH^oo/ji/-). Hence, since w e H'/ (n) f] L^^ {n), 
u e Lipg(r2), and / (x, z) is continuous, it follows that 



Consequently, each integral in (110) converges absolutely, and the same is true for the integrals in 
Definition [ 



Alternately, we can make sense of weak solutions w G H^f' {Vt) which are not necessarily locally 
bounded by assuming that the coefficient matrix is bounded in z locally in x, that 7(0;, z) is of 
subunit type globally in z locally in x, and that sup^ 1/(2^; z)\ is locally integrable. 

7.2. A Maximum Principle. We will now prove the following result. 

Theorem 7.4. Let A satisfy 7 be of subunit type with respect to A in Vl and f be a 

continuous function on fl x M" which satisfies f{x,0) = for x Cz and 

(111) /(a;,z)signz < m n x R, 

(112) f (x, zi) — f {x, Z2) < if X G and zi > Z2. 
If w is a smooth function in D, which is continuous on and satisfies 

(113) div^ (x, w) Vw + 7 (x, w) • Vw + / (x, w) > in fl 
in the weak sense, i.e., satisfies 

(114) J \/ip ■ A{x,w)Vw < j ip^{x,w)-Ww + Jvfi 
for all nonnegative ip G Lipo (Jl), then 

sup w < sup . 



lx,w 



On the other hand, if the opposite inequality holds in (113), i.e., if 

(115) div^ (x, w) Vw + 7 (x, ui) • Vw + / (x, w) < inO. 

in the weak sense, then 



(116) inf w > inf — (w ) =— supw 

where := —w if w < and := if w > 0. In particular, if w is a weak solution of 
div A {x, w) Vw + J {x,w) ■ Vw + f {x,w) — in fl, then supj^ \w\ < supgj^ \w\. 



Proof. Assume first that w satisfies (113), and recall that w is smooth by assumption. Let ujq 
and 



T > 0, X e ft. 



Vr {x) = {w{x) - UJQ 

Then Vr is nonnegative and Lipschitz continuous in f2, and Vr has compact support in Q since w is 
continuous on by hypothesis and r > 0. Also, for any x, Vr{x) > if and only if w{x) > ujq + t. 
Let $T = {x S : Vt{x) > 0}. Then ~ (w — loq — t) on and Vwr = x*^ a.e. on f2. By 
choosing ip =Vr in (114), we obtain 



J VUr • (x, w) Vw < J Wr7(x,w)-Vw + J V^f {x,w) 
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In this inequahty, the right-hand side satisfies 



■i>r 



V^J {x^w) ■ S/w + / VtJ {x,w) = / VrJ {x,w) ■ \/Vt + / VrJix^w) 



while the left-hand side is Vw^ • -4 (a;, w) Vwr • Hence 



(117) 
We have 



VWt- • .4 (x, w) VWt < / Ut7 (x, w) • VWt + / Vrf {XjW) — I + II 



//= / Vrf{x,Vr)+ Vr[f{x,w)- fix,Vr)] <0 + = 



by (111 I and (112) since Vr > and w > w^. on $-r (note that w > 0). Recalling that w is assumed 
to be continuous on f2 and so is bounded there, we may choose M with M > w on fl. Since 7 is 
of subunit type with respect to A, Schwarz's inequality implies that 

'^Vr-A{x,w)\/Vr+A.B'i( , 

where = (ri^,M). From (117) and the estimates for / and //, we obtain 
(118) / S/Vr-Aix,w)\7vr<C^B^ [ vl. 

By the one-dimensional Sobolev estimate, 



/ vl<C^R^ [ \diVrf , i? = diam(f7). 



vl < C'^R^Bl / vl. 



Combining this with (118) gives 



Thus, assuming that R < {CB^) ^, we obtain 0. Then $7- is empty, i.e., Vr = on Vl and 

therefore w < ojq -\- t on Vl. 

To drop the restriction that R < {CB^iflr, Af))"\ let N = CB^ diani(f7) + 1 and 



N In / 



Also, for X G VI, let 

w{x) = w{Nx), A{x,z) = N^'^AiNx,z) , 
^{x,z) = N''j{Nx,z), f{x,z) = fiNx,z). 

Then ii x e n, 

div A {x, w) Vw + 7 (a;, w) • Vw + f {x,w) 
= N-^ div [A (Nx, w {Nx))V{w (Nx) )] + N-'^j (Nx, w {Nx)) ■ V(w [Nx) ) 

+f (Nx, w {Nx)) 
= d\YA{y,w{y)) Vw {y) + 1 {y,w [y)) ■ Ww (y) + / {y,w{y)) > 

by (113), where y = Nx E Vl. Thus w satisfies an a nalog ue of (113) in VI. Moreover, since 7 is of 
subunit type with respect to ^ in x M (Definition 2.7), it follows that 7 is of subunit type with 
respect to ^ in 17 x K with constant B^ = B^: indeed, 

^{x,z)-^^ = \N-^^{Nx,z)-S^? <N-'^BlS,'A{Nx,z)£^ 



BieA{x,z)^. 



Also, 



/(x, z)signz = / (A^x, z) signz < in x 
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fix,Zi) - /(x,Z2) 



f {Nx,zi) - f {Nx,Z2) <0 ifzi>Z2,xen 



and 



diam = 



diam 
N 



in 



< 



1 



CB^ diam 17 + 1 CB^ 



Then w < supg^(w)^ + r in 17 for all r > 0, i.e., w < supgj^ + r in f7 for all r > 0. Letting 
r ^ 0, we o btain w < su^a^ as desired. 

To prove (116), let (115) hold and define A{x,z) = A{x,—z), 7(2;, z) = j{x,—z) and f{x,z) = 
~f{x, z) for x £ fl. Since A satisfies ([9| and 7 is subunit with respect to ^ in $7 x it follows 
that A satis fies ^ an d 7 is subunit with respect to in 17 x M. From (fill and (112) for /, we 
obtain ( |lll| and (U^ for /: 

f{x,z)signz = -f {x,-z)signz 

= f {x , — z) sign{~ z) < in 17 X M, 
/(x, zi) - /(x, Z2) = f ix,-Z2) - f {x,zi) <0 if zi > Z2, X e 17. 
Now let w{x) = —w{x) and note that 

div^ (x, w(a;)) Vw{x) + 7 {x, w{x)) ■ Vu)(a;) + / {x, w{x)) = 

— [div A{x,w{x))Vw{x) + J {x,w{x)) ■ 'Vw{x) + f {x,w{x))] >0 in 17. 
By the previous case, supj^ w < supgjj . Equivalently, 

or 



sup(— < sup {—w{x)) 
xGfi xedn 

which completes the proof of Theorem |7.4[ 
7.3. A Comparison Principle. 



inf w(a;) > inf ), 

xefl xEdU 



□ 



Lemma 7.5. Suppose thatA{x,z) satisfies ^ and (16), and that J is nonincreasing in z, i.e., 

(119) fz{x,z)<Q, (x,z)er. 

Let wq, wi e^iJ^'^ (17)1JC°° (17)^ (^) satisfy wq + k > wi on 917 for some constant k > 
and 

(120) V (wi) > V (wq) in 17 



(in the sense of Definition 7.3), where 

V (w) = div A {x, w) Vw + f {x, w) . 
Then Wq + n > wi in 17. In particular, ifVwo ~ Vwi in 17 and wq = wi on 917, then wq = wi in 

n. 



Proof. First we will assume that wq, wi ^H^f' (17) p| (17) . Given t > 0, let m,- = wi — wo — k — r 
and = max{u^,0}. Then is a nonnegative continuous function compactly supported in 17. 
Denote K — supp (u^) and 5q — dist [K, 917). Let 4's be a smooth approximation of the identity 
with (5 > 0, i.e., "0(5 {x) ~ S~"tjj (x/S) where ip £ (i?i) and / ipdx = 1; here Bi denotes the unit 
ball in M". For < e < 1 and < 5 < So/2, set 



* IpS- 



Then ipr,e.5 is nonnegative, smooth and compactly supported in 17. From (120) 



[A {x, Wi) Vwi — A {x, Wq) Wwq] WLpr.,e,S 



[f {x, Wi) - f [x, Wq)] Lpr,e,S < 0. 
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Since Wo,wi, Lp^.e^s € H^^^ (ft) and (pr,e,s is continuous and has compact support, all the integrals 
above are absolutely convergent. By Proposition 1.2.2 in [3], ipr,e,5 — ^ '"r /('"r + ^) i'^ (^") 
(5 — > 0+ for any open fi" (S 17'. Letting i5 — > 0+, we obtain 



(121) 



e / (x, wi) Vwi — ^ (x, Wo) Vwq] 



[f {x, wi) - f [x, Wo)] — < 0, 



where we used that V {u^/{uf + e)) = eWw^ /{w^ + e) 



Set u = wi — wq — K and wt = twi + (1 — t) wq, Q <t <1. Then 9tW( =u + k, and by (119), 

r-l 



,+ 



[/ (a;,wi) - /(x,wo)] 



(122) 



?iT + e Ut + e Jo 

u+ (u + k) /'"'" 



dt [/ (x, Wf)] rf^ 



Ur +e Jo 



(x, Wt) < 0, 



where we used that w + k > on the support of u+; recall that k > by hypothesis. Also, 
A{x,wi)Wwi — A{xtWo)'S/wo = I dt {A {x , Wt) Wt} dt 



(123) 



= {u + k)<^J Az ix,wt)Vwt dtj + I A{x,Wt)dt}Vu 
= (u + k) a (x) + A (x) Vit, where 
d{x)= / Az {x,wt)S/wt dt and A (x) = / ^(x,u't)dt 



Using ( 123 1 in ( 121 ), using ( 122 ) to omit the term in ( 121 ) which involves the difference of / values, 
and using the facts that u — u+ + t and Vw = Vw^ on the support of u+ yields 



(124) 



A (x) V'u+ 



< 



n 



,+ 



[Ut 

Now, by Schwarz's inequality and the definition of a(x) 

[«+t) a(x)] -^"^ 

m 

»i 



[«+r) a(x)] J"^ 2 - 
(u^^ + e) 



(ur + e) 

[ (u+ + t) I /" Vu+ • Az (x, Wt) Vwt dt 

Jo L Ijo 



< a 



^ \Az (x,wt)Vu+r 
fc*(x,wt) ""j (u+ + e) 



+ - 



C 



k* (x, Wt) |Vwf 1^ dt 



{ut+rY 



[Ut + e) 



In fact, in the last four integrations as well as those below, the domain of integration can be 

2 ^ 

restricted to the compact subset supp u^ of Q. Then, since k* (x, Wt) |Vwf | < tut^* "^^^ 
([9]), by assuming that t < e and applying (16 1 to the first term on the right, we obtain 



[{u++t) a{x)] 



{ut + ey 



< aBl 



I Vu+ ■ A (x, Wt) Vu+ dt^ 



+ 



C 



\u4- +£ 



dt 
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V-U+ • A (x) Vm^ 



C 



a 



where we used that Wt &H]^^ [Vl) for < t < 1, and hence the constant C is independent of r and 
£. Taking a = l/2i3_42, combining with (124 1 and absorbing into the left gives 



(125) 



A{x)\Iu+ 

o (u 



< CB\, < r < £. 



From ([9]) and the fact that k}{x, z) ~ 1, we have 



A{x)Vu+ ■ Vu+ > {diuty 



Then, by (125) and the identity 



it follows that 



di In 



9i (4 + 1) 



= di In 



e 



1 



dx < CB% 



< r < e. 



Applying the one-dimensional Sobolev inequality and letting r 

2 



1 



C diam VL 



n 



In 



1 



dx < 



n 



di In 



+ 



gives 
2 

1^ 



dx < CB\ 



uniformly in £ > 0. Since u is continuous in fJ, it follows that = in f2, so that u < in £7. 
Hence wi < wq -\- k in £7 as desired. 

Now, for the general case, assume that wo, wi g^i?^'^ (il)lJC°° (51) j PlC^ ip) and satisfy the 
hypotheses of the lemma. Consider a family {f^^j^^Q of open sets such that Vl^ Q, and 

< inf {dist (x, d^):xe d^^} < £■ 
Then fi^ d for all £ > 0, and the function /i (£) defined for £ > by /i (£) = maxQfi^ {wi — wq — k) 
satisfies linij^o M {^) ^ 0. 

Since Wq, Wi G (fi) 1JC°° (il)^ and il^ d Q, it follows that Wq, wi ^H^;'^ (fl^) for each 

£ > 0. Moreover, wq + n + ^ (e) > wi on dile- By the previous case, 

Wq + K + ^ (e) > wi in Og. 
The lemma now follows by letting £ ^ 0+ . □ 

7.4. Barriers for the Dirichlet problem. In this section, we construct barrier functions for 
continuous weak solutions of the Dirichlet problem in a smooth, strictly convex domain. An 
interesting aspect of these barriers is that even though they are specialized to a particular solution 
w, they depend only on the modulus continuity of w. 

Lemma 7.6. Let $ d 17 &e a strongly convex domain. Let f = diam<i> and lo be a concave, strictly 
increasing function with uj G ([0,f]) f^C^ ((0,f]) and lo (0) = 0. Suppose A satisfies (16) and 7 
is of subunit type with respect to A. For m S M, define a differential operator Cm by 

Cmh = div^ {x, h (x) + m) V/i. 

Then for every xq £ 9$ and all positive constants rj, v , ttiq^ K , there exists a neighborhood Mof Xq 
and a function h £ (A/") p|C°° (A/") such that M <Z {\x — xo\ < rj} and 

h{xo) = 0, 

h (x) < -uj {\x - xo\) , xe^f]Af, 

h {x)<-v, a; e $ n dM, 

Cmh>K, xe^f]M, |r7i| < mo, 

. ^h = Y:7=idfh>0, xe^f]^- 
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Proof Let xq G 9$. By translation, we may assume that Xq — 0. By using a rotation = {Oij)" 
we may represent i9$ locally as y = Qx so that for y' — [yi, . . . , yn-i) and positive kq, tq depending 
on 9<I>, we have 



(126) Ko|yf<?/n, (2/',2/„)ea$, \y'\<ra. 

By hypothesis, w satisfies 

uj [r) > a^r if r G [0, r], where oq = 



liminfoj' (r) > aq > 0, 

r-S.O+ 



(127) 
(128) 

(129) a;"(r) < ifr(E(0,f 

For fixed € (0, 1], set 

(130) 



w(r) 



w (ao) if w (r) > ao 

f otherwise, 



tq is the largest r e (0, r] with a; (r) < a^. Letting (r) uo (r) for < r < tq, we have by 



( |127| -( |129[ ) and since limr_^o+ (r) = that 
(131) 1 > > {r) > UJ {r) , 

(132) 
(133) 
(134) 



lim ^' (r) 

r-)-0+ 



V' (r) > ai\/r, where ai = -^ao. 



lim , 



For i > 0, let A/j — {yn < t} C\{\y\ < tq}. Because of ^ (recall that = 1) and continuity of A, 
there exist 1 < £ < n and ci > such that for all small t, 



(135) 



U(y,^)(^f)'>ci >0, yed^f]Aft, \z\<2mo. 



Here 9f is the £ column of Q. For mi > and < < 1 to be determined, define 



(136) 



„2 2 

/i(2;) = -2^(VP2;„)+™i^ + ^ , y&^t„ 

z In y^i 



where p = \^Kq ^ + Ij . For ti small enough h is well-defined in Aft^ and extends continuously to 
A/ti with 

(137) heC°^ (MJ n C" (A/;:) , h{0)^ 0. 



From (126), 



(138) 



/PVn 



'«0 ' + 1 



> |2/'| + yn > I2/I 



where we used that ?/„ < 1 in Mt-^ ■ 



Also, by taking ti small enough depending on kq, oi, mi, we obtain from (126) and (133) that 
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Then, using (138), the fact that ip is increasing, the definition of ip and (131 1, we get 

1 



h{y)+u;i\y\) 



-2-0 iy/py^) + mi 



(139) 
Now set 



2 In y„ 

< V'(l2/I)-V'(|y|) <o. 



Gn iy) 



^' (Vpim) + - — ^2 — > 0' 

(my™) yn 



'§y~ ' ~ dy dy ' ^^i denotes the Kronccker delta, we have 

hn {y) = -Gn + Sln-miyn, kg (y) = miyi - SgnGn 



~ for i ^ n,£ 

= mi + (5^„-^ [G„ (2;) - pV" (%/py^)] 
2yn 



+S^ 
1 

2y. 
+ 



(Inynfyl K^^Vn 2 
[G„ (y) - pV" i^)] 



( 2 



and write hj 

(140) 
(141) 

(142) 
(143) 
(144) 

(145) 

In particular, for t\ small enough, 

in Mtx because of (132). Moreover, by ( |132| and the formulas for derivatives of /i, 
\hi{y)f < 2mlyj + 26inGl 

( X. ^ 

< cmax TOij/l, (5£„-0 (VpJm) , 

\hn{y)\^ < 2Gl + 26i„mlyl 

< cmax < tl; (y/py:;^) , 



hi {y) 
hu {y) 



hnn (y) 



hii (y) 



ilny„fyl Vny,-, 
for i 7^ n, I, hij {y) ~ for i 7^ j. 



mi > 



(147) 



(148) 



(Inyn) 



hie (y) , 



L (lny„) J 

Let -ff (x) = h{ldx) and -ff (x) = H{x) + m = /i(9a;) + m for fixed m G [—mo, mo]. Using 8* to 
denote the transpose of Q, we then have \7H{x) — 9*(V/i)(9x), Hj{x) — ^/.Ojkhki'dx) and 

k X k 

= QjldiihuiQx) + 9jndinhnn{'dx), 

where only one of the last two terms appears in case £ = n. 

Setting A{x,H{x)) — (ay (x)) and letting div^(a;, _ff (x)) — [div(aij(a;))] denote the vector 
whose components are the divergence of the columns of (aij(x)), we obtain 



div 



a[x,H{x)\^H{x) \ =div {^a,j{x)H,{a 



j = l,...,n 



= [div(ay(a;))] • VH[x) + aij{x)Hij{x) 
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= [div{aij{x))] ■ ld\'Vh){Qx) + hu{Qx) ^ aij{x)9je9u + /i„,i(6a;) ^ aij{x)9jn0r. 
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= [div(a,j(a;))] • e*(V/i)(ea;) + hu{ex)eiAix, H{x))9/ + Kn{Qx)9r,A{x, H{x))9* . 



Here 6*^ denotes the j column of 8 and 9j denotes the j column of rewritten as a row vector, 
and in the last two equalities, only one of the second and third terms on the right appears in case 

Now recall that hi = ii i ^ £,n. Then the first term on the right of the last equality equals 



k \ i ^ / k \ i 



d_ 
dx, 



aik{x) 9kn 



^heiQx) divA{x,H{x)) ■ 9/ + hn{Qx) divAix,H{x)) 

where as usual only one of the two terms on the right appears in case £ = n. 
Altogether, 



9 * 



£mH(x) 



hiiex) 



divA 



{x,Hix)^ 



hn{Ox) 



divA 



-hee{ex)9eA (x, H{x)^ 9/ + /i„„(ea;)4^ (a;, 



9 * 



where on the right side, only one of the first two terms and one of the second two terms appears 
in case i = n. 

By direct computation, we have 

n 

divAix,H{x))\-9/ = ^A^,{x,H{x))-9,' + hi,{Qx)9iA,{x,H{x))9^' 

i=l 

+ K{<dx)9Mx,H{x)%\ 

where A'' denotes the i*''-column of A and A\ = diA^ , and where only one of the last two terms on 
the right side appears in case £ = n. Substituting this in the formula above for CmH gives 

n 

CmH{x) = Cr„[h{Qx)] ^ he{ex)J2A{x,H{x)) ■ 9/ + hi{exf9Mx,H{x))9/ 

1=1 

+he{ex)h„{Qx)9„A^{x, Hix))9/ + hi{Qx)K{Qx)9iA,Xx, H{x))9^ 

n 

+hn{Qx)Y,Mx,H{x)) -9^ + K{Qxf9r,A,{x,H{x))9,l: 

i=l 

+hu{Qx%A (x, H{x)) 9 1 + Kr.{Qx)9rA (x , H (x)') 9^, 



and in case £ ^ n, only the first, second and seventh terms on the right appear. By (12 1, the sum 
of the first and fifth terms on the right is at most 



heiQxf 



A 



9iA{x,H{x))9/ + 



9nAix,H{x))9„', 



and the sum of the second, third, fourth and sixth terms is bounded by 

cBa (^hiiexf9tAix,H{x))9/ + he{exf9nA{x,H{x))9, 
where = B^ ($, mo). Using these estimates, we obtain 



t ' 

n I ' 



C,nH{x) > -cB 



A 



huiOx) -[cB_A + ^] hiOxf 



hnni'dx) - ( CB^ + - ) hniQxY 



eA[x,Hix))9/ 
A[x,Hix)]9„K 



46 RIOS, SAWYER, AND WHEEDEN 



From (1471 and (1481, by taking ti small enough (depending on kq, rrii, and B_^), we obtain 

9eA (^x,H{x)'^ e/. 



Then from (135) and the fact that hu > rrii, 
(149) 



CiTTli 



> K 



by taking mi large enough. 

Finally, note that y] < ?/„/ko by (|126[). Then if .t € $ f] dAft^ , 



hiy) 



V 1 

-2V'(Vp^)+mi^ + - 

2 In y„ 



(150) 



mi n 

- 2ko ^ 



Inii 



< -I' 



by taking ^i small enough. The condition Af C {\x — xo\ < r]} can then be met by taking ti even 



smaller. Lemma 7.6 now follows from (137), (139), (146), (149) and (150). 



[9 

[lo; 
[11 
[12; 

[is: 
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